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SYMMETRIC COOPERATIVE MOTION IN ONE DIMENSION

LOUIGI ADDARIO-BERRY, ERIN BECKMAN, AND JESSICA LIN

ABSTRACT. We explore the relationship between recursive distributional equa-
tions and convergence results for finite difference schemes of parabolic partial
differential equations (PDEs). We focus on a family of random processes called
symmetric cooperative motions, which generalize the symmetric simple random
walk and the symmetric hipster random walk introduced in [2]. We obtain a dis-
tributional convergence result for symmetric cooperative motions and, along the
way, obtain a novel proof of the Bernoulli central limit theorem. In addition, we
prove a PDE result relating distributional solutions and viscosity solutions of the
porous medium equation and the parabolic p-Laplace equation, respectively, in
one dimension.

1. INTRODUCTION

1.1. Description of the model and the main result. We consider a family
of random processes called symmetric cooperative motions, which generalize the
symmetric simple random walk on Z. Informally, symmetric cooperative motion is
a random walk where at each step, the walker requires the assistance of m other
walkers (independent copies of the process) in order to move. If all m copies are at
the same location as the walker, the walker can take a step. Otherwise, it must stay
put.

The model can be constructed in two ways. The first, which is the primary
construction we will work with, is as follows. Given an initial distribution p on
ZU{—-00, 00}, we define (X,,,n > 0) via the following recursive distributional equation
(RDE):

Xp+E, i#X,=Xp1=...=Xpm,
X, otherwise.

Here (E,,n > 0) are IID with P(Ep=1) =1/2 =P (Ey=-1), and Xy, 1,..., Xpm
are IID copies of X,,. We set —co + x = —o0 and oo + x = oo for = € R; allowing the
initial condition to take values +oo will be useful in upcoming sections. We write
SCM(m, ) for the law of the process (X,,n > 0) defined by (1.1) when X, has
distribution u.

The second construction interprets symmetric cooperative motion as a tree-indexed
random process. Let 7 be the complete rooted (m + 1)-ary tree, with root labeled
by @ and node v having children (vi,1 <i<m+1). Let 7, denote the subtree of T
containing nodes at distance at most n from the root, and let £, denote the leaves
of T,.

In order not to cause confusion, we will use a different set of variables (rather than
Xp) to define the cooperative motion in this setting. Fix a probability distribution
@ on Zu{-o0,00} and for each n € N, let X" = (X7,v € L,,) be a collection of

XTL+1 = (1.1)
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IID, p-distributed random variables. Let E™ = (E,,v € T, \ L,;) denote a separate
collection of IID Bernoulli(%) random variables, independent of X", and for v €
Tn N\ Ly, recursively define

En = E:)Ll + Ev lf Evl = E’l}2 =...= Ev(m+1)’
Y i otherwise.

This recursion yields an “output value” X7 at the root, which has the same dis-
tribution as X,, from the first construction. (Note: the processes (¥g,n > 0) and
(X, n > 0) have different laws, but their one-dimensional distributions are the same.)

Returning to our notation (X,,,n > 0) as defined by (1.1), for p} = P (X, = k),
we have

1 1
PR =R - (™) + 5(1)&1)"”1 + 5(1)271)%1 ' (1.2)
The first term, pi(1 - (p)™), corresponds to the event that X,, = k£ and at least one
of Xy,1,...,Xy,m is different from k. The second term corresponds to the event that

Xn, Xn1,.-., Xnm all equal k+1 and E,, = -1, and the third term corresponds to
the event that X,,, X, 1,..., X, all equal k-1 and E,, = +1. Rearranging gives

1
Pt —pp - 3 ()™ =20)™ " + (pp_y)™ ) = 0.

In the case when m > 0 is non-integer, setting pg = u({k}) and defining p}! induc-
tively using (1.2), it still holds that Y.z p} = 1 for all n; we may therefore define
a sequence of random variables (X,,n > 0) with P (X, =k) = p}, and study the
asymptotic behaviour of X,, even when m is non-integer. However, in this case the
interpretations in terms of the recurrence (1.1) and in terms of the tree-indexed
process are unavailable.

Our main result describes the asymptotic distributional behaviour of X,,.

Theorem 1.1. Fiz m >0, and any probability distribution p on Z, and let (Xp,,n >
0) be SCM(m, u)-distributed. Let
m

T 2(m+2)
where B(-,-) denotes the Beta Function. Then

and D::pl/zB(l m+1)7

p: 57

X, d 2% (m+ )Y 5L L3
nlfon2) T pais e ( _5)’ (8)
where B is Beta (%ﬂ, mW”)—dz’stm’buted.

As explained in [2], in the case m =1 there is a compelling heuristic connection
between the asymptotic behaviour of symmetric cooperative motion and that of the
critical random hierarchical lattice, a model of random electrical network studied by
Hambly and Jordan [12]. This connection yields new predictions (but thus far, no
proofs) for the scaling behaviour of the effective resistance in such random networks.

An aside: the m — 0 limit of symmetric cooperative motion. This short
section relates the asymptotic distribution of X,, to that seen for a symmetric simple
random walk (SSRW); it is not necessary for the rest of the paper.

Taking m = 0 in the cooperative motion dynamics, the condition that X, = X,, 1 =
... =X, m becomes vacuous. Thus, the process makes a random move at every step,
and we recover the SSRW dynamics. In this sense, one may say that at the level of
processes, the m — 0 limit of the cooperative motion is just the symmetric simple
random walk.
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This m — 0 limit is also reflected in the behaviour of the limiting distributions.
To see this, rewrite

m m 2

2m72) 1 +1 +1 1
- 1p 11\ ks pl/2 [Beta(mm ’mm )_5]

m m+
B (3. 5) ™2 P

1 m+1 m+1 1

- _1 1 mtl\my [Beta( m ’ m )_5]
prEB (5, It )

mtl o, we have

m—0

B30 ) -0 () 57

Continuing from the prior computation, and using the definition of p, we then have

ml [Beta(m-’-l,m-’-l)—l]

By Stirling’s formula, since

Dm+2 pl/2 m m 2
_ 11+0(1) [Beta(m+1,m+1)—%].
m m+2 1 ™ ﬁ m m
[—2(m+2)] INCINF
We thus obtain the distributional limit
mil 1/(m+2)
2 2(m71-1) [Beta(m+1,m+1)—1]
Dm+2 pl/2 m m 2
m+1
Qimt 1)/(m+2) 1 1y 1
=[1+0(1)] 2(m+ 1) [Beta(m+ 7m+ )——]
m m 2

L _m_
Ecol NGO NC=1

= [1+0(1)] 25 [2(m + 2)] 77 mn: 1 [Beta(mnt - mnt 1) B %]

d
S w,

as m — 0, where W is a standard Gaussian; here we have used the fact that
17 4
V8n [Beta(n,n) - 5] — W

as n — oo. (We use the notation W; as later W, will denote a centered Gaussian
with variance t.)

1.2. The main ideas, related work, and an overview of the paper. We begin
with a brief introduction of the main ideas of the proof of Theorem 1.1. Our proof
technique is based on the observation that the recurrence (1.2) looks like a discrete
approximation of a PDE: the porous medium equation

1
U — E(umﬂ)m =0. (1.4)
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Letting F}' =P (X, <k) = Z?z_m pj, (1.2) then also yields a recurrence relation for
F}'. Indeed, we have

k
n+l _ n+1
F. = Z p;
j=—oo

k
1 1
= 2 A= )™ + )™ + S 0)™
j=—o00
n i nym+1 1 n m+1 1 n m+1
=l + Z -(p}) +§(Pj+1) +§(pj71)
J=—o00

b1 1
= F" 4 - r_z+ m+1 _ ;L m+1] _ = ;L m+1 _ ;L_ m+1
i j_Zoo(2 (7)™ = @)™ ] = 5 L) = () ])

1 1
- B 5 )™ - S )™

Rearranging and using that pj = F}' — F}" |, we obtain

I
e

1
et = B = S [ = F™ = (B = F)™ ] (1.5)

We can think of this as a discretization of the PDE
1
v g ((vm)mﬂ)x =0, (1.6)

or equivalently v; — m2+ 11);”1)m = 0. When v, > 0, this PDE can be rewritten in the
form

1
ve = 5 (Joa"02)g =0, (1.7)
m+1

or vy — 5= vy vge = 0, which is called the parabolic p-Laplace equation. We can
think of (1.6) as an “integrated version” of the porous medium equation, since if u
solves (1.4) in the classical sense, then the antiderivative

v(x,t) = [i u(y,t)dy (1.8)

formally solves (1.6). We will focus our analysis primarily on (1.5) since the integra-
tion in (1.8) leads us to expect that v should have an additional (higher) order of
regularity in space compared to wu.

As in our previous paper [1], our main approach to establish distributional conver-
gence will be to use convergence results for finite difference approximation schemes
of nonlinear PDEs in order to demonstrate convergence of the rescaled CDFs to a
continuous function. In the setting of this paper, the CDFs of the rescaled process

Xi
(W,OStSn) s (19)

converge to the solution of an initial value problem corresponding to the PDEs (1.6)
and/or (1.7) in the viscosity sense.

At this point, a word about initial conditions is in order. If the random variable X
is p-distributed then the “initial condition” of the sequence of CDF's is given by F; ,? =
P(Xy < k) = u(-o0, k]. However, if we rescale as in (1.9), then the initial condition of
the rescaled process is X/ n'/(m+2) "and the CDF of this random variable approaches
a Heaviside function as n — oo. For this reason, to connect the probabilistic evolution
with that of PDE (1.7), a Heaviside initial condition for the PDE is required.

In [1], we considered a variant of the above dynamics, where the random variables
(En,n > 0) are not symmetric, but instead have a bias to the right or left. In
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the non-symmetric case, the recurrence relation for F}' looks like a discretization
of a different PDE known as a Hamilton-Jacobi equation, v; + olvg|™ = 0, for an
appropriate value o depending on the parameters in the distribution of the random
walk steps. In the symmetric case which we address here, several challenges arise
compared to the setting of [1], of which the following two are notable:

e The theory of lower semicontinuous viscosity solutions, which was required
throughout [1] to handle the Heaviside initial condition appearing in the
limit, does not exist for degenerate parabolic equations. While there have
been some attempts to develop a theory of discontinuous viscosity solutions
for parabolic equations such as (1.7) (see for example [14]), these theories
generally do not produce unique solutions.

e In [1], we frequently used the Hopf-Lax formula to understand properties of
solutions to the relevant equations. However, in this setting, there is no nat-
ural, physically motivated, explicit representation formula for a “candidate
viscosity solution” of (1.7) with Heaviside initial conditions.

To overcome these challenges, we use a combination of techniques from nonlin-
ear PDEs to approximate, via continuous viscosity solutions, what we believe to be
the “physically correct” viscosity solution of the parabolic p-Laplace equation with
Heaviside initial conditions. Our approach is essentially a classical “vanishing vis-
cosity” argument, which was the original motivation for the definitions appearing in
the modern theory of viscosity solutions. It turns out that this is enough to identify
the limiting behaviour of the rescaled symmetric cooperative motions, as we are able
to obtain an explicit formula for the continuous viscosity solutions which approxi-
mate our desired solution. A key ingredient of our argument is to rigorously relate
solutions of the porous medium equation (1.4) and those of the parabolic p-Laplace
equation (1.7). In essence, we prove that u is a distributional solution of (1.4) if and
only if v is a viscosity solution of (1.7) (see Theorem 3.1 for a more precise state-
ment). To our knowledge, this is a novel result for degenerate parabolic equations
in one spatial dimension.

This paper is part of a broader attempt to understand the relationship between
RDEs and convergence results for finite difference schemes of PDEs. We focus on
illustrating our method in the proof of Theorem 1.1, and as an expository example,we
use our techniques to provide a novel proof of the Bernoulli central limit theorem
in Section 2.2. Our approach builds upon that used in our prior work [1], but we
believe we now have a clearer perspective on the method and its robustness. In
Section 7.1 we present a framework and summary of how to use this method to
obtain distributional convergence results for other discrete-time, R-valued random
processes.

The structure of the remainder of the paper is as follows. In Section 2, we present
a convergence result of Barles and Souganidis [3] for finite difference schemes of
degenerate parabolic PDEs; this will be the main technical input from the theory of
numerical approximation of PDEs used throughout our paper. In order to illustrate
the main ideas we explain how our approach applies in the setting of simple random
walk in Section 2.2; this yields a novel proof of the Bernoulli central limit theorem.
Section 2.3 then contains a discussion of the challenges in adapting this method
to symmetric cooperative motion. In Section 3, we establish the ingredients from
PDEs which will be needed for our analysis. These include a discussion of the
Zakharov-Kuznetsov-Burgers (ZKB) solution of the porous medium equation, as well
as the statement and proof of Theorem 3.1, which relates distributional solutions
and viscosity solutions of certain degenerate parabolic PDEs. This section relies
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on Appendix A, in which we review the notions of PDE solutions we work with
throughout the paper. Sections 4, 5 and 6 then contain the key technical ingredients,
culminating in the proof of Theorem 1.1 in Section 6.2. We conclude our paper in
Section 7 with a “recipe” for how to apply our method in other settings. This section
also presents several additional results whose proofs are straightforward adaptations
of those of Theorem 1.1 and of analogous results from [1].

1.3. Definitions and Notation. Given a Euclidean space X, we use LP(X) to

denote the classical LP space equipped with the norm || f|| Lp(x) = ( [xlf |p)1/p . We say

that f e C*(X) for k e Nif f is k-th order continuously differentiable, and f € C*(X)
for k € (0,00) if f € C*I(X) and the |k|-th order derivative belongs to the Hélder
space C’k_[kJ(X). We reserve the notation f € C*J(X), for k,j € (0,00), whenever
f depends on space and time (so, e.g., X = R x [0,7]), with f € C* in the spatial
variables and f € C7 in the time variable. We denote f € C°(X) if f is an infinitely
differentiable function with compact support. We say that v : Rx [0, c0) - R belongs
to C([0,T]; LP(R)) if u(-,t) € LP(R) for every t € [0,T"] and u(-,t) is continuous in ¢
with respect to the LP(R)-norm.

2. THE BARLES-SOUGANIDIS APPROXIMATION FRAMEWORK

2.1. Introducing the framework. The main external input to our proof is a result
of Barles and Souganidis [3] on the convergence of approximation schemes of viscosity
solutions for second-order PDEs, and the goal of this section is to present that result
(Theorem 2.1, below) in the restricted setting we use here. The definition of viscosity
solutions, and facts about viscosity solutions relevant to this paper and in particular
to Theorem 2.1, appear in Appendix A.

We consider initial value problems (IVPs) of the following form

v+ G(Ug,Vz2) =0 in R x (0, 00),
v(x,0) =vo(z) inR,

where G: R xR - R and vg : R - R.We refer to vg as the initial condition of (2.1).
We say that the initial value problem (2.1) is good if the following conditions hold:

(2.1)

(1) G is continuous.

(2) G is degenerate elliptic, i.e., G(p,a) < G(p,b) if a > b, for all p e R.

(3) wo is bounded and uniformly continuous.
Under these conditions, it is known (see [8], Section 5 and the discussion on page
50) that the initial value problem satisfies strong uniqueness: there exists a unique
continuous viscosity solution v of (2.1), and moreover, if v~ is any upper semicontin-
uous subsolution of (2.1) and v™ is any lower semicontinuous supersolution of (2.1),
then v~ < v*.

We next consider approzimation schemes for (2.1). For each N e (0,00), fix
time and space mesh sizes AI{V ,Aiv > 0 which, in our applications, will always go
to 0 as N — oo, and fix a function GV : R® - R. Introducing the abbreviation
(f(z, )N = (f(x= AN 1), f(z,1), f(x+ AN 1)), we define a finite difference scheme
for (2.1) by

vN(:c7t+AA§V]\2—vN(x,t) + gN(UN(x,t))N ~0, inRx [Ai\/’ 00),
t

UN(l‘,O):’U(]([ALNJAiV), in R x[0,AN).

(2.2)

We also refer to vy as the initial condition of (2.2). For each N > 0, once we
choose the initial condition vy, the approximation scheme (2.2) uniquely determines
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the function vV : R x [0,00) - R. However, in what follows we will often need to
compare the functions defined by (2.2) for various initial conditions. As such, we
write vV, v and w! to indicate the functions defined by (2.2) when started from
initial conditions wg, vg, wo : R = R, respectively.

Now fix a family C ¢ L*(R) with vy € C. We say that (2.2) is a good approzimation
scheme for (2.1) on C if the following conditions hold.

(1) Monotonicity: For all N sufficiently large and all ug,wg € C,
ug < wp on R = uY <w on Rx [0,00). (2.3)

(2) Stability: limsupy_,c SUP (4 1)eRx(0,00) [N (2,1)] < oo.
(3) Consistency: If ¢ : R x (0,00) - R is any bounded smooth function, then
for all (z,t) e R x (0,00),

G (o(y.5) + ehn = Glu (@), puu (1))

In the last point, we use the notation lim(y,, s )= (c0,z,¢,0) t0 indicate that the limit
may be taken in any order.

The first point, the monotonicity condition, plays a crucial role in our analysis. We
note that since vV and w? are piecewise constant in time, to establish monotonicity
it is enough to verify that u” (-, nAN) < w™ (-, nAN) for all n € N. For the case n = 1,
note that by (2.2) applied to w”, we have

wN(x7A1{/V) = wN(x70) - AngN(wN(x - Ai\]’O)va(x’O)va(:E + Aiv,())) :
So to prove that u™ (-, AN) < w? (-, AY), it suffices to show that the map
(CL,b,C) > b- AngN(aJ% C) (24)

is nondecreasing in all of its arguments, for all arguments which arise from the
family C (with a = w™(z - AY,0),b = w™(z,t),c = wV(z + AY,0)). To extend
beyond n = 1, if we can further show that u™(-,AY) and w”" (-, AY) both belong
to C, then by induction u™ (-, nAN) < w™ (-,nAN) for all n € N, and thus v < w®
pointwise, so (2.3) holds. This is the general strategy by which we shall verify (2.3)
throughout the rest of the paper.

The result of Barles and Souganidis says that good approximation schemes for
good initial value problems converge to the unique viscosity solutions of those initial
value problems. In fact, their result applies to a broader family of PDEs and ap-
proximation schemes than the ones considered here; we have specialized their result,
in order to make it easier to explain the application to our setting.

Theorem 2.1. [Theorem 1, [3]] Fix a family C ¢ L*(R), and a function vy € C.
Consider a good initial value problem of the form (2.1) started from initial condition
vy, and let v be its unique viscosity solution. Next, fix an approximation scheme
(2.2) which is a good approzimation scheme for (2.1) on C, and for N > 0 let vV

be the solution of (2.2) with initial condition vo. Then v — v locally uniformly as
N — oo.

lim
(N7y787€)_)(<xy7x7t70)

2.2. A case-study: the central limit theorem for simple random walk. In
order to understand how Theorem 2.1 can be used to prove distributional limit
theorems, we start with a simple example: in this section, we show how Theorem 2.1
can be applied to prove the Bernoulli central limit theorem.
Let (Sp,n > 0) be a symmetric simple random walk on Z, so S,41 = S, £ 1, each
with equal probability. Defining p}! := P(S,, = k) and F}]! := P(S,, < k), we then have
n+1

1 n 1 n
== + — .
Dy 2pk—1 2pk+1
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Summing over j < k and rearranging gives
1
= Y = S (R = 2 + ). (2.5)

This recursion suggests that the appropriate PDE to describe the limiting behavior
of the CDF is the heat equation u; = %um With this in mind, we fix the family
of functions C = {f : R - [0,1] : f is a cumulative distribution function}, fix € > 0
small, and let

w(e) = o [T e 109 g (26)
(27‘1’ 6)1/ 2 J-oo . ’

Consider the initial value problem

Ut — %UZEZE =0 ?n R x (07 00)7 (27)
v(z,0) =vo(z) inR.

Using the notation of (2.1), we have here G(x,y) = —(1/2)y. It is clear that G is both
continuous and degenerate elliptic. The initial condition, vy, is an antiderivative of
a Gaussian density, so it is both bounded and uniformly continuous and belongs to
the class C. Therefore, (2.7) is a good initial value problem.
Next we define the approximation scheme which arises in this setting. We let
AN =1/N and AY =1/N?, and set
11

QN(a,b,c) = —F5(0—2b+6). (28)
t

Then define vV via the scheme (2.2), which we restate here for convenience:

vN(m7t+AA£V]\27UN(m7t) 4 gN(UN(:E,t)>N =0, inRx [Ai\/’ %),
t

UN(l‘,O):’U(]([AiNJAiV), in R x[0,AN).

(2.9)

For t > A, this yields

oV (2, t+ N 2) ol (2,t) oV (z,t+AY) -0 (2,t)

N-2 AN
_ ﬁ%(w(x CAN Y 20N (2, t) + 0N (4 AV 1))
t
11

(N (z-1/N,t) - 20N (z,t) + o™ (x + 1/N,t)).
(2.10)

This is simply a rescaling of the recurrence (2.5). Thus, writing Py for the measure
under which (S,,,n >0) is a symmetric simple random walk with initial distribution
given by

" N2

k
L [V e gy, (2.11)
2me J-oo

Pn(So <k) =0 (EAY,0) =

then for all n € N and k € Z we have
Pn (S, <k)=F=v"(k/N,n/N?) =N (kAN nAlM). (2.12)
We now verify that with GV as in (2.8), the scheme (2.9) is a good approximation
scheme of the PDE (2.7). Fix initial conditions ug,wp € C and let ™, w” be defined

by (2.9) with the initial condition vy replaced by wug,wp, respectively. Using that
Aiv = N2, we have that for any a,b,c € R,

b= ANGN (a,b,¢) =b+%(a—2b+c)=%(a+c),
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so the map (a,b,c) — b - AngN(a,b, ¢) is nondecreasing in all its arguments. It
follows that u™ (-, AN) < w™(-,AN). Moreover, by the analogues of (2.12) for u®
and w”, the functions u™(-,A;) and w” (-, A;) are again cumulative distribution
functions, which lie in C. It follows by induction that u" < w everywhere; this
establishes the monotonicity of the scheme. (Note that, in view of (2.12), the mono-
tonicity of the scheme is in fact equivalent to the statement that for simple random
walk, if Sp < S{, then also S; < S]. We could have used this to give a “purely
probabilistic” proof of monotonicity, but we preferred to spell out the inductive
approach to provide an example of its use in a simple setting. However, the connec-
tion between monotonicity and preservation of stochastic ordering under the random
process dynamics will reoccur later in the paper.)

Next, the relation (2.12) implies in particular that the codomain of v" is contained
within [0, 1], from which stability is immediate.

Finally, if ¢ : R x (0,00) - R is a bounded smooth function, then using that
AN =1/N, we have

6™ (o(y.5) + )y = =5 (5 (P10 = YN.5) 2= 2plyo5) +2) + oy + 1/N.5) +2)

_ _Lp(y-1/N,s) =2p(y,s) + p(y + 1/N,s)
2 (1/N)? ’

This is a second centred difference approximation of —%cpm(y,s), which converges
to —%gpm(:n,t) as (N,y,s) — (o0, x,t) in any order since ¢ is smooth. (The € - 0
limit is irrelevant due to the linear role of € in the approximation scheme.)

It follows that with GV defined as in (2.8), the approximation scheme defined
by (2.9) is indeed a good approximation scheme for the corresponding initial value
problem (2.7). The (unique, continuous) viscosity solution of the heat equation (2.7)
is

z 1 2
v(x,t :/ —¢Y /(2(€+t))dy.
(1) -0 \/2m(e +1)

Since vV (k/N,n/N?) = Pn(S, < k), taking n = N? and k = N, and ignoring
inconsequential rounding issues, we can now apply Theorem 2.1 to see that

1
V2m(e+1)

where W, is a centred Gaussian with variance € + 1.

The proof above required the use of a smooth initial condition vg in order to apply
the result of Barles and Souganidis. However, probabilistically, we are interested in
a simple random walk S,, which is started from 0. Because the Heaviside function
cannot be thought of as the discretization of any Lipschitz initial condition, the result
of Theorem 2.1 is not applicable directly. We use the following coupling argument
to connect a simple random walk S, started from a discretization of vy, as defined
above, and the simple random walk S, started from 0.

Fix 6 > 0, and let (S),n > 0) be a simple random walk with initial condition
S{ = 0. The random walks (S;,,n > 0) and (S,,n > 0) can be coupled so that both
the increments of both walks are equal (i.e. so that S) ; —S), = Sp+1 — Sy, for all
n >0). Under such a coupling, we have S,,—S], =Sy -5 = Sy for all n > 0. It follows
that if S, <N then either Sy2 < (2 + )N or else Sy >IN, so

Py (Sy2 <zN) > f ’ eV ICED) gy — PO, <), (2.13)

P(Sy2 <aN) <Pn(Sy2 < (x+8)N) +Pn(Sy>0N).
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By (2.11) we have limy_c Pn(So > 0N) = P(W. > ¢). Together with (2.13) this
yields that
limsupP(Sy2 <aN) <PW.pg <z + ) + POW. > 6).
N—o0
The identity S,,—S], = Sy likewise implies that if Sy2 < (z—0)N then either Sy < -dN
or Sh2 <zN, so

P(S]lv2 >xN)<PnN(Sy2 > (x-0)N)-Ppn(Sp<-IN),
from which it similarly follows that

lim inf P(Sy2 < 2N) > PWeit <@ -8) = P(W: <-0).

These bounds hold for all €,6 > 0. (We'll later refer to this sort of argument as a
sandwiching argument.)

The first probabilities on the right in the preceding limsup /liminf equations ap-
proximate P(W; < x) for £,0 small, and the second probabilities may be made as
small as we like by choosing € small as a function of §. We thus conclude that

Alfim P(Sy2 <aN)=P(W; <z),

where W is a centred Gaussian of variance 1. This is equivalent to the Bernoulli
central limit theorem.

2.3. The Barles-Souganidis framework and cooperative motion. Moving
from the heat equation u; — %um = 0 to the porous medium equation u;— %(um”)m =
0, or its integrated version, the parabolic p-Laplace equation (1.6), makes the ap-
plication of the Barles-Souganidis convergence framework more delicate. There are
three issues, two related to monotonicity and one to the relevant PDE theory, which
we now discuss.

First, the monotonicity required by Theorem 2.1 was obvious in the simple random
walk /heat equation setting, and indeed held for the broadest natural class C of initial
conditions: all CDFs. For cooperative motion, monotonicity simply does not hold
in such generality, and to apply Theorem 2.1 we instead restrict our attention to
the class C of Lipschitz CDFs. This only allows us to prove an approximation result
(and hence convergence in distribution) for sequences of cooperative motion processes
whose initial CDF's arise as discretizations of Lipschitz functions.

The second issue relates to the use of (stochastic) monotonicity in the sandwiching
argument. In Section 2.2 we used that simple random walks may be coupled so that
if Sp < S{, then this stochastic ordering is maintained in time (by simply using the
same increments for both walks). However, the dynamics of cooperative motion are
not stochastically monotone for all initial distributions. That is, there exist initial
conditions Xy < X| for the cooperative motion process so that X; # X7.

This may seem like a death knell for the approach, given that stochastic mono-
tonicity is required for the sandwiching argument. However, there is hope. The
fact is that while stochastic monotonicity may not hold for all initial conditions of
cooperative motion, it does hold for a large subclass of initial conditions. We will
show that if, for example, the initial distributions Xy < X additionally satisfy that
sup, P(Xy = k) < 1/e and sup, P(X|, = k) < 1/e, then indeed X; < X{; the sto-
chastic ordering is maintained. Moreover, under this condition, it turns out that
supy, P(X1 = k) < 1/e and sup, P(X; = k) < 1/e, so the argument may be iterated in
order to show that X,, < X/, for all n. (Proving all this takes some work and requires
a more technical coupling technique; this is accomplished in Section 5, below.)
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To extend the result to arbitrary initial distributions, we prove that from any
initial condition, after a bounded number of steps, cooperative motion reaches a state
where all single-site probabilities are small enough that stochastic monotonicity is
obtained. (This fact feels unsurprising, and even seems like it should be “obvious”
— but the only proof we found is rather involved.) These first steps introduce a
bounded error, which is washed away by the rescaling when we take limits.

The final issue, which poses a significant challenge in comparison to the setting
of the simple random walk, is to identify an explicit representation for the viscosity
solution of the parabolic p-Laplace equation with suitable initial conditions (it is from
this representation that we identify the limiting random variable in the distributional
convergence). This was completely straightforward in the setting of the heat equation
thanks to the theory of fundamental solutions for linear parabolic PDEs. In the
case of the parabolic p-Laplace equation, no such theory exists. We overcome this
obstacle using PDE techniques and analysis, which may be of independent interest.
We introduce the main PDE ideas, and the explicit characterization of the relevant
solution of the limiting PDE in Section 3.

3. THE ZKB SOLUTION AND ITS APPROXIMATION.

This section presents the relevant PDE results needed to characterize the be-
haviour of the limiting dynamics. As briefly explained in the introduction, we seek
an appropriate “viscosity solution” of the parabolic p-Laplace equation (1.7) started
from a Heaviside initial condition. Our approach consists of building an approxi-
mation by continuous viscosity solutions in order to characterize this limit. This
approximation is achieved by identifying the distributional solution of the porous
medium equation (1.4) with a suitable initial condition, known as the Zakharov-
Kuznetsov-Burgers or ZKB solution, and considering its antiderivative.

3.1. The ZKB solution. The evolution of the probability mass functions (p},k €
Z,n > 0) of the random variables (X,,n > 0) is a discrete approximation of the
porous medium equation (1.4). If we assume that u(x,0) = do(z) is a Dirac delta at
zero, it turns out that the “correct” solution (in a sense to be specified in Section 3.2)
of (1.4) corresponding to these dynamics is the ZKB solution (also called a source-
type solution, source solution, Barenblatt solution, or Barenblatt-Pattle solution),
which we now describe. Our presentation is based on that of [18, Chapter 17].
That reference presents the ZKB solution of u; — A(u™1) = 0 in R% x (0, c0) for any
dimension d > 1, but we only present the solution for u;— %(Um+l)xx =01in Rx (0, 00),
as this is all that is relevant for us.
For every 0 > 0, we define U(-,-;6) : R x (0,00) - R by

1

2m —

. 1 20 \"+? 2022 |"

o ()2 ]y
tmez |\ Dvm+1 (m+1)tm+= .

1
with p = m/(2(m +2)) as defined in Theorem 1.1 and D := 2 [y (1 - py?) " dy; we
will see shortly this definition of D also agrees with the one given in Theorem 1.1. As
explained in [18, Chapter 17, (17.31)], the choice of constants yields that for every
t>0,

[oo U(x,t;0)dz = 0. (3.2)
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In particular, the function U( ,-;1) has the explicit form

1

2m

N 1 2 m+2 92 2 m

Uz t;1) = — ( V2 ) _ 2 , : (3.3)
tme2 Dvm+1 (m +1)tms .

which is supported on

1
+1)m+2
{|$|S%t"fﬂ}-

m+2 p§ m+2

Evaluating at ¢ = 1 yields

1

2m -

. m+3 2 |™
U(:C’l;l):[( V3 ) 2pl] ] |

.

DvVm+1 _(m+1)

Up to an affine change of variables, U (x,1;1) is a Beta density. Indeed, defining

1
2] m
+

f(x):= U(:p— (m+ 1)ﬁ27ﬁp7%D’%,1;1)

2m_
( V2 )"”2 2p (m+1)ﬁ
Dvm+1 (m+1)|" om=mpiDme

1
( 2 )% 2. (m+1)me "
=\ N—— T = % )
m+1 2m+2 p2 Dmsa N

then [ f(x)dz =1 by (3.2). Next, if X is distributed as

2m_+1( 1)L 1 +1
m+2 —+ m+2 +
mn Beta(m ,m ) ,

m m

m 1

D m+2 pE
then the PDF of X is given by

3

1
1 1 2 . —+ 1 m+2
m+1l m+l ’ m+1 m 1 1 m+2 T (1m 1 ) m - : (34)
B(T’T) (277L+2D7m+2p_§(m+1)m+2) m 2m+2 p2 Dm+2

+

Since this expression integrates to 1, as does f(z), and the two expressions are the
same up to a multiplicative constant, they must in fact be equal. (The equality of
the two expressions may also be verified directly, using that D can be re-expressed
as

1
1
292

1 1
D=2p‘%f0 (1—y2)%dy=2p‘%/0 (1-y)7

1 1
dy:p_%B(§7m+ )7

m

along with the identity

/2022 1
(22) = (2m)"'/22? 1/2F(2)F(z+§)

and the fact that B(z,y) = FS;EZSZ)’)) The fact that we fixed time ¢ = 1 above is

arbitrary; a similar argument shows that U(z, ;1) is a (scaled, shifted) Beta density
for any t > 0.
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3.2. The integrated ZKB solution, and the relation between distributional
solutions and viscosity solutions. For readers who are less familiar with the
notions of distributional and viscosity solutions, we provide an overview in Appendix
A, which will be helpful to review before reading this section.

The parabolic p-Laplace equation (1.7) is an integrated version of the porous
medium equation (1.4), and in our setting, the “correct” viscosity solution of (1.6)
and/or (1.7) is given by the antiderivative of the ZKB solution for the porous medium
equation. This follows from a general result we prove relating distributional solutions
and viscosity solutions in 1-dimension.

Before beginning our analysis, we remark that we will always impose hypotheses
which guarantee existence and uniqueness for viscosity/distributional solutions. For
the parabolic p-Laplace equation, as discussed near (2.1), the existence and unique-
ness of viscosity solutions is guaranteed for any good IVP. For PDEs of the form

up — (¥ (u))ze =0 in Rx (0,77, (3.5)

u(x,0) = ug(x) in R, )
where ¥ : R - R is nondecreasing, continuous, and ¥(0) = 0, it follows from the
main result of [5] that if ug € L'(R) n L>(R) is nonnegative, then such IVPs have
a unique distributional solution u € C([0,T]; L*(R)) n L=(R x [0,T]). (See also [4]
for related results.) Throughout the rest of the paper, by “the unique distributional
solution” of a PDE of the form (3.5), we always mean the one which belongs to
C([0,T]; L*(R))nL>*(Rx[0,77]). (In the special case of the porous medium equation
with initial data ug € L' (R)nL*°(R), the existence and uniqueness of a distributional
solution is also a consequence of the existence and uniqueness of strong L' solutions
[18, Theorem 9.3].)

We are now ready to present our main result concerning the connection between
distributional and viscosity solutions.

Theorem 3.1. Fiz 3 > 1 and any nondecreasing function ¥ € CP(R) with ¥(0) = 0.
Fizug € LY (R)NL*®(R) and nonnegative, and for any T > 0, letw € C([0,T]; L' (R))n
L*(R x[0,T]) be the unique distributional solution of

Ut — (\Il(u))-’ﬂfﬂ =0 inRx (07T]} (3 6)
u(z,0) = ug(x) in R. '
Let v(z,t) == [*_ u(y,t)dy. Then v is the unique viscosity solution of
Ut — \I”(Ux)vmm =0 in R x (OvT]) (3 7)
v(z,0) = [* _uo(y)dy inR. '

A version of the correspondence described in Theorem 3.1 was heuristically pre-
sented in [18] in the special case of the porous medium equation and the parabolic
p-Laplace equation. The proof of Theorem 3.1 appears in Section 3.3, below.

Remark 3.2. We note that the uniqueness theory of both distributional and viscosity
solutions yields that the converse of Theorem 3.1 essentially also holds. Indeed, if
under the same hypotheses on ¥, we work from the premise that v is the unique
viscosity solution of

v = U (V)02 =0 in R x (0,77,
v(x,0) =vo(z) in R,

with vy Lipschitz continuous, nonnegative, and bounded, then we may always ex-

press vo(x) = [*_ vi(y)dy, where v is defined pointwise a.e. by Rademacher’s
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Theorem. Taking ug(z) = vj(x), then ug € L' (R) n L®(R), and letting u denote the
unique distributional solution of (3.6) with this initial condition, Theorem 3.1 and
the uniqueness of viscosity solutions tells us a posteriori that v(z,t) = [* u(y,t) dy.

Remark 3.3. Our result is similar in flavor to the well-known connection between
entropy solutions of scalar conservation laws and viscosity solutions of Hamilton-
Jacobi equations in 1-dimension (see for example [13]). In fact, given our hypotheses
on W, it turns out that the unique distributional solution is in fact also the (unique)
entropy solution of (3.7). This is consequence of [6, Section 4, Corollary 9], which
establishes (in a more general setting than ours) that distributional solutions are
also entropy solutions. Therefore, Theorem 3.1 can be viewed as a generalization of
the classical result connecting entropy and viscosity solutions of scalar conservation
laws/Hamilton-Jacobi equations.

As a special case of Theorem 3.1, we identify the unique viscosity solutions of the
parabolic p-Laplace equation with bounded and Lipschitz continuous initial condi-
tions as integrals of unique distributional solutions of the porous medium equation:

Corollary 3.4. Fiz nonnegative ug € L*(R) n L*°(R), and for any T > 0, let u €
C([0,T]; LY (R)) n L= (R x [0,T]) denote the unique distributional solution of

Ut — %(um+l)mm = 0 Zn R x (07T]} (3 8)
u(z,0) = ug(x) in R. '
Then v(z,t) == [*_ u(y,t)dy is the unique viscosity solution of
v = B o [y =0 in R x (0,77, 39)
v(z,0) = [* _uo(y)dy inR. '

Proof. First, since ug is nonnegative, the comparison principle for the porous medium
equation [18, Theorem 9.2] guarantees that u is nonnegative on all of R x [0,T"], and
hence we may rewrite (3.8) as

U — % [u]™ 1)z =0 in R x (0,71,

u(x,0) = ug(x) in R.
Letting ¥(r) := %|7‘|mr, then U satisfies the hypotheses of Theorem 3.1. Hence, by

Theorem 3.1, v(z,t) = [*_u(y,t)dy is the unique viscosity solution of (3.9), as
desired. 0

We highlight that Corollary 3.4 has the requirement that ug € L*(R)nL*°(R), and
in the case of the ZKB solution, this is simply not true (the ZKB solution at time 0
is a Dirac delta at the origin). We instead consider a ZKB solution shifted by some
time € > 0, which does indeed belong to L*(R)nL*(R). Applying Corollary 3.4 with
initial condition U(-,&;7.) from (3.1) and with 7. — 1 as & - 0 identifies a family of
viscosity solutions which approximate the desired solution of the parabolic p-Laplace
equation with Heaviside initial conditions.

This will be used as input to our sandwiching argument, comparing the CDF of the
original SCM(m, 1) process to the CDF's of these viscosity solution approximations.
Picking suitable approximations and sending € - 0, we will be able to conclude that
the CDF is given precisely by the shifted Beta density (3.4). The details of this
argument appear in the proof of Proposition 5.1, below.
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3.3. The relationship between distributional solutions and viscosity solu-

tions. This section presents the proof of Theorem 3.1. We begin by recalling a result

of Benilan and Crandall [4], who considered equations of the form
{ut —(T(u))ge =0 in Rx (0,T],

u(r,0) =up(xr)  inR, (3.10)

for ¥ : R - R continuous and nondecreasing, ug € L'(R)nL*°(R), and for any 7 > 0,
with solutions considered in the distributional sense (see Definition A.1). In fact,
[4] is more general than this; they present results for arbitrary dimensions, which
we do not include here. The main result of [4] is the following stability property for
solutions of equations of the form (3.10).

Theorem 3.5. [4, Theorem, page 162.] Let (V,,,1 < n < o0) be nondecreasing,
continuous functions ¥, : R - R with

lim U, (r) =Ve(r) forallreR,

and let (ugn,1<n < oo)e LY(R) N L®(R) be such that
i [lug ~ ugoel gy = 0. (3.11)
Fix T >0 and for 1 <n < oo, let u, be the unique distributional solution of
{(un)t ~ (W (un))yy =0 in Rx (0,71,

un(2,0) = ugp () in R,

with u, € C([0,T]; L*(R)) n L>®°(R x [0,7]). Then
Up = Uso in C([0,T]; LY (R)).

In particular, this implies that

lim sup [tn (2,t) = Uoo (x,t)|dx = 0.
=00 4ef0,7] YR
Equipped with Theorem 3.5, we proceed with the proof of Theorem 3.1. Our
proof is a vanishing viscosity argument, where we add an additional viscosity term
to regularize the PDE in order to obtain classical solutions, verify the relationship
(1.8) for the classical solutions, and use stability estimates to send the viscosity
parameter to O.

Proof of Theorem 3.1. Fix ug € L*(R) n L*°(R) as in the statement of Theorem 3.1,
and let u be the corresponding distributional solution of (3.6). Since ug € L'(R),
there exists a collection of functions (ug,0 <& <1) € C*(R) so that

?j}% [Jug - UO”LI(R) =0. (3.12)

Since ¥ € C? for some 8 > 1, we may further consider a sequence (\115,0 <e<l)c
C*(R) so that

T, 0 ¥ locally uniformly, and
£—
(0. 0 U’ locally uniformly.
E—>

The construction of ¥, can be done using a standard mollifier [10, C.5], and this
construction additionally yields that W. can be chosen to be nondecreasing for every
e>0.
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Now, for each ¢ > 0, we define U (r) :=er+ \ife(r). We now consider the uniformly
parabolic equation

(3.13)

uj = (We(u))zz =0 in Rx (0,77,
u®(z,0) = ug(x) in R.

We may equivalently write the first line of (3.13) as uy —eu, — (\Ifg(ua))m =0. By
the introduction of the viscosity term —eu5,,, the problem (3.13) becomes a uniformly
parabolic quasilinear Cauchy problem, with ¥, smooth, and with principal part in
divergence form. In particular, it is well known (see for example [15, V, Theorem 8.1])
that under our hypotheses on ¥, and u§, for every & > 0, u® € C*1(Rx (0,77]), which
implies (see Remark A.3) that u® is a distributional solution of (3.13). Moreover, by
[15, V, Theorem 8.1] we have uj,u;, € L*(R x [0,T]).

Since W.(r) - ¥(r) as € - 0 for every r € R, and (3.12) holds, it then follows by
Theorem 3.5 that for u as in (3.6),

hm sup |u€(:17 t) —u(z,t)|dx = 0. (3.14)
~0¢e0,77]
We next define
v° (2, t) = f u®(y,t) dy.
This makes v° € C31(R x (0,77]) a classical solution (and therefore a viscosity solu-
tion) of
U;:_(\I/E(U;))mzo inRX(O7T]7
v¥(x,0) = [T u*(y,0)dy inR,
which can be rewritten as
oL (E)1E, =0 i Rx(0,7],
v¥(x,0) = [*_u(y,0)dy inR.
Since W, is nondecreasing, W. > 0, and hence this problem is a good IVP, for which

v® is the unique viscosity solution.
For u the unique distributional solution of (3.6), we let

v(x,t) = [: u(y,t)dy.

Equation (3.14) implies that for any K ¢ R compact, we have

hmsup sup |v(zx,t) — v (x,t)| —hmsup sup ‘f u(y,t) —u(y,t)dy
=0 ek te[0,T] =0 ek te [0,T]

<limsup sup Iu(y,t) —u(y,t)| dy
€20 2eK te[0,1] /0

<lim sup | |u(y,t) —u™(y, )| dy =0,
e>0¢e[0,7] /R

which implies that
v® > v locally uniformly in x,¢ on R x [0,7T].

Since U, — U’ locally uniformly, the stability property of viscosity solutions (see
Proposition A.5) now guarantees that v is both a viscosity subsolution and superso-
lution of

- W' () =0 in Rx (0,77].
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Moreover, since v € C(Rx[0,T']), this yields that v is the unique viscosity solution
of

vy = U (03 ) Uz = 0 in Rx (0,77,
v(z,0) = [F u(y,0)dy inR,
as desired. O

Remark 3.6. While the proof of Theorem 3.1 is a standard vanishing viscosity ar-
gument, we surprisingly were unable to find a version of Theorem 3.1 anywhere in
the literature, even for the porous medium equation. The idea to regularize PDEs
of the form (3.10) and then study their stability properties was pursued by [16, 17],
who regularized the equations by considering initial data ug + ¢ for € > 0,ug > 0.

4. FINITE DIFFERENCE SCHEMES FOR DIFFUSE INITIAL CONDITIONS

In this section, we show that the CDFs of the discrete random variables (X,,n >
0) yield a good approximation scheme for the integrated ZKB solution, and that
Theorem 2.1 applies in this setting, when the initial condition (the CDF of Xj) is
given by a fine-mesh discretization of a Lipschitz continuous extended CDF.

Throughout the section, fix m € (0, 00), and a probability distribution p supported
on ZuU{-o0,00}. Let (X,,n > 0) be SCM(m, p)-distributed, and for k € Z, write
Fl' = F'(p) =P(Xy, <k) = p[-00,k]. In this case F(’y is an extended CDF for each
n € N. We suppress the dependence on m as it is fixed throughout, and also suppress
the dependence on p whenever possible. As observed in Section 1, (F}')kez nen can
be defined by the recurrence

2

B = B e 3[R - FY - (- L)), )
FY = p[-o0,k]. '

As before, for every N > 0, we consider mesh sizes AY and AN such that
Afcv ,Aiv - 0 as N - oco. Due to the scaling properties of the parabolic p-Laplace
equation, the relation AN = (AN)™*2 is natural (when m = 0 this is Brownian
scaling), and we enforce this relation on AY and AY throughout, by defining

1 1
N _ N _
At = N and ASL‘ = W (42)
For brevity, we suppress the dependence on N wherever possible. Given vy € L*°(R),
we define a function vV € L*(R x [0, 0)) by

N(z+Ay t)—vV m+1
VN (ot 8) =0V (at) + e[ (a0t 0)

T

_ (”N(ac,t)—UN(xiAz’t) )mﬂ] in R x [Aty 00) ) (4'3)

Ag

oV (z,1) :Uo([AinAx) in Rx[0,A).

Remark 4.1. If vy is an extended CDF, then for N € N we may define a probability
measure uY on Z U {-o0,00} by setting puN[-o00,k] = vg(kAY) = vo(k/N/(m+2)),
With this definition, if (X,,n > 0) is SCM(m, 'V )-distributed then for k € Z,

oV (kAT 0) = v (KAL) = FY,

and inductively, o™ (kALY nAN) = F/'(u) for all n € N and k € Z. Since v" is
piecewise constant in each lattice rectangle of the mesh A,Z x AN = N~/ (m+2) 7,
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NIN, interpreted with closed lower and left boundaries and open upper and right
boundaries, for all (z,t) € R x [0, 00), we may then express v (z,t) as

[Nt

UN(x,t) = F[Nl/(m+2)xj ) (4.4)

where (F}')kez nen is defined by (4.1). In particular, this implies that for any ¢ > 0,
vV (-,t) is an extended CDF which is piecewise constant on intervals of the form
[kN-Y(+2) (] 4+ 1)N-Y(+2) for k € Z. This also yields that in this case v €
L*(R x [0,00)).

The main result of this section shows that, under suitable assumptions on the

initial conditions, v’V — v locally uniformly, where v is the unique viscosity solution
of the parabolic p-Laplace equation.

Proposition 4.2. Let vg be a Lipschitz continuous extended CDF with Lipschitz
constant M. Fix N € N and define a probability distribution puy on Z U {-o0,00} by

pun 00, k] = v (kN (m+2)

for k € Z. Let (Xp,n > 0) be SCM(m, uy)-distributed, and let FJ' = FJ'(un) be

defined by (4.1). Finally, fiz T >0, and K € R compact. Then for every € >0, there

exists No = No(m, M,e, K, T) such that if N > Ny, then for vV defined by (4.3),
sup sup |UN(:17,75) - v(:z:,t)‘ <eg, (4.5)
0<t<T weK

where v is the viscosity solution of

Ut — mTJrllvxlmHUm =0 in Rx(0,7], (4.6)
v(z,0) =vo(z) in R. '
It follows that v(x,1) is an extended CDF and that if N > Ny, then
XN
2161][{) P{W Sx}—v(m,l) <e. (4.7)

In order to prove Proposition 4.2, we must verify that the conditions of Theorem
2.1 are satisfied. We begin with a monotonicity lemma for certain solutions of (4.1).
Write p* := W We say that a probability distribution x4 on Z is p*-bounded if
u({z}) <p* for all z € Z.

Lemma 4.3. Fiz probability distributions p,v on Z U {-o0,00}. Let (G} )keznen =
(FP (1) keznen and (HY ) keznen = (F(V))keznen be defined by the recurrence (4.1)
with initial conditions given by p and v, respectively. If p and v are p*-bounded
and p[—o0, k] < v[-oco,k] for all k € Z, then G} < H}! for all k € Z and n € N, and
additionally G}, — G}_; <p* and H! = H}' | <p* for all k€ Z and n e N,

Proof. Write

1
S(a,b,e) =b+ 5 [(c- )™ — (b-a)™],

so that F"*! = S(FP |, FP*, Fl. ). Note that S is nondecreasing in a when a < b and
is nondecreasing in ¢ when b < ¢. Moreover,
m+1

2
which is nonnegative provided that 0 <b—a < p* and 0 < ¢c—b < p*. This in particular

shows that the directional derivative of S in directions (1,0,0),(0,1,0) and (0,0,1)
is positive on the set

R= {(a,b,c) ca>0,b-a€c[0,p"],c-be [O,p*]}.

0 m m
%S(a,b,c)=1— [(c=b)"+(b-a)™]
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It follows that if (a,b,c),(a’,b',¢') € R and a <a’, b<bV, ¢ <, then the directional
derivative of S is also nonnegative on the set R in direction (z,y,2) := (¢’ —a,b’ -
b,c’ - ¢), since this direction is a linear combination of the axis directions. Since R
is convex, the line segment from (a,b,c) to (a’,b’,c’) lies within S, and we conclude
that S(a,b,c) <S(a',b', ).

Recalling that GY = pu[-o00,k] and Hj = v[-oc0,k], under the assumptions of the
lemma, it follows that for all k € Z, we have the entry-wise inequality (Ggfp aY, Gg 1) <
(H,gfl,H,g,Hgﬂ) and both triples lie in R, so

Gk _S(Gk 17 24—1) SS(I{I(f)—l’IflgvI{I(c)+1) :Hli'

We now claim that 0 < Gk - G,lg_l <p*and 0 < H,i - H,i_l < p* for all k € Z,
in which case it follows by induction that G} < H;' and that G} - G} _; < p* and
Hp-H;  <p*forallneNandkeZ. We only prove that 0 < Gl G,lffl < p* since
an identical argument works for H. To show this, note that for any A € R,

S(a+M\b+ActA)=b+ A+ %[(c-b)m” C(b-a)™] = A+ S(a,b.c).
Since Ggfl < Gg < Gg . +p* for all k € Z, it follows that

(Gg—% Gg—l’ ) < (Gk 1’ 24—1) < (G2—2 +p*, Gg—l +p*, Gg +p*)
Since S is nondecreasing in all its arguments on R and all the above triples lie in R,
it follows that

Gy =S(GYy.GL1,GY) <S(GY_1, G, GYLy) = Gy,
and
G)=S(G)1,GP, GR.y)
<S(GRy+p* Gy +p" G +p")
=p +S(Gk 29 k 1 2)
=p +Gk717
as required. O

As a straightforward consequence of the lemma, we obtain that the monotonicity
condition (2.3) holds whenever the functions are “generated” by Lipschitz continuous
extended CDFs. For M > 0 write

Cy ={we L*(R) :w is an M-Lipschitz continuous extended CDF} .

The following corollary now verifies that the approximation scheme (4.3) is monotone
on Cyy.

Corollary 4.4. For all M > 0 there exists Ng such that for N > Ny the following
holds. Fiz ug,wo € Car and let u¥ and w be defined by (4.3) with initial conditions
given by uy and wy, respectively. If ug < wog, then u” < w?

Proof. Define probability distributions ¥ and v on Zu{-o00, 00} by setting u™[~c0, k] =
ug(KN"Y*2)y and N [-o0, k] = wo(kN~Y/+2)) By the observation of Remark 4.1,

we then have u™(z,t) := F[lfvvf/J(m+2) (™) and w (z,t) = fvvf/(m+2) (vN). More-

over, if N > Ny = M™*2(m + 1)("”2)/’” then for all k£ € Z we have

1
N _ C1/(m+2)y 1\ A-1/(m+2) .
PV (ERY) = o (kN2 —ug((k = N D) < M <,
so by Lemma 4.3, it follows that for N > Ny, u™ (z,t) < w” (z,t) for all z € R and
t € [0,00), as required. O
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Having verified monotonicity, we are now ready to use Theorem 2.1 to prove
Proposition 4.2.

Proof of Proposition 4.2. Define G:R xR - R by

m+1

G(nyvxx) == 9

[V " Vg -

For a,b € R with a < b we then have G(p,a) > G(p,b) for any p € R, i.e., G is
degenerate elliptic. Since G is also continuous, it follows that if vy is any Lipschitz
continuous extended CDF, then the initial value problem

(4.8)

v+ G(Ug,Vz2) =0 in R x (0, 00),
v(x,0) =vo(x) in R

is good.

Writing A, = AY and A; = AV, define
c—b m(c—b)_ b-a m(b—a)]
Ay Ay Ay Ay

le=0["(c=b) = [b-al"(b-a)],

N __ 11
g (a,b,c)— AmZI:

ol
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where we have used that A™"2 = A; for the second equality. Recalling the notation
(N (z,t))v = (N (z,t = Ap), 0N (2, 1), 0N (z,t + Ay)), if vV is defined by (4.3), then

since v" is nondecreasing in x for all ¢, we have

UN(l‘,t +Ay) = ’L)N(l‘,t) - Ath(vN(x,t))N ,

so we may rewrite (4.3) in the form given by (2.2):

oV (2, t+A) v (2t .
{ ( +Atz ( )+QN(UN(a;,t))N:O, in R x[Ag,00), (4.9)

o™ (2,0) = vo(| & |As), in R x[0,A;).

Since vy is a Lipschitz continuous extended CDF, Corollary 4.4 then ensures that
the monotonicity condition (2.3) is satisfied for N sufficiently large. Moreover,
for all t, vV (-,t) is a piecewise constant approximation of an extended CDF, so
SUD,cR 20 [v™ (x,t)| < 1, which verifies stability. To check consistency, note that for
¢:Rx(0,00) > R and € >0 we have

oy + Ay, s) =y, s)|" oy + Ay, s) =y, s)

e |

Ay Ay
eys) =y = A, ) [ 0(y) = oy = Ay, s)
Ay Ay ’

=™ (p(y.8))N
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so if ¢ is smooth and bounded then

lim G" ,8)+E)N = lim gV .8
(N,y,5,8)—(00,20,t0,0) (p(y,s) +e)n (N5 (0.20.10) (o(y,s))n
1 m
== (palan, )™,
m+1

0z (20,10)Pzz (0, t0)
= G(pz(x0,t0), P2z (0, t0)),

1 m
=—§(|90x($07750)| 02 (20,t0))a

m+1

S |0z (x0,t0)|" za (X0, to)

= G((px(a;o,to), (Pxx(xmt()))

and this establishes consistency.

We have just verified that (4.3), or equivalently (4.9), is a good approximation
scheme for (4.8). It follows by Theorem 2.1 that for every T > 0, for every K ¢ R
compact, and for NV > Ny sufficiently large, we have

sup sup [vV (z,t) - v(x,t)| <e,
0<t<T zeK

where v is the viscosity solution of

2

Ut — m—H|U:c|mUxx =0 %Il R x (07T]7 (4'10)
v(x,0) = vo(x) in R.
For the second assertion of Proposition 4.2, we note that since

[Nt

UN(:Evt) = F[Nl/(”“z)xj =P (X[th < lNl/(m+2)JEJ) =P (X[th < Nl/(m+2)ﬂj),

we have that for ¢ =1,

<e.

XN
cup [P (i <) - v(.)

Finally, since v(-,1) is nondecreasing and continuous and is the pointwise limit of
extended CDFs, it follows that v(-,1) itself is an extended CDF. (]

5. CONVERGENCE UNDER p*-BOUNDED INITIAL CONDITIONS

Recall from Section 4 that p* = and that we say a probability distribution

1
(m+1)1/m
won Zis p*-bounded if pu({z}) < p* for all z € Z. The main result of this section is
that SCM(m, u)-distributed cooperative motions converge in distribution to a scaled

and shifted Beta random variable when g is p*-bounded.

Proposition 5.1. Let (X,, n > 0) be SCM(m, p)-distributed with p a probability
distribution on Z. If p is p*-bounded, then

. X
JEI(}OP(W < a:) = ’U(.Z',l)

locally uniformly in x, where v(x,1) is the CDF of

ml 1/(m+2)
2m+2 (m+1) [Beta(m+1 m+1) 1]

, —_—

m m 2]

m

D m+2 p1/2




22

Proof of Proposition 5.1. Fix an e > 0 and let (X,,,n > 0) be SCM(m, p)-distributed.

Let F :=P(Xo < k) = (o0, k]. Using (4.3) with vo(z) = F[ONI/(M?)ggj’ we have that
| N N

vV (2,t) = F[Nl/(m+2>mj and v with smoother initial
conditions which are p*-bounded and which sandwich vy (i.e. bound it from below
and above). Proposition 4.2 will allow us to conclude that v™" and v converge
as N — oo, while Lemma 4.3 will guarantee that v and v*" sandwich vV for all

times.
By (3.1), we have

. We will choose schemes v™

1/m

2m

. 1 2(1-¢)\™*? 2p|x|?

U1 -c) = — (f( 5)) S BED (5
tme2 Dvm+1 (m +1)tm=

+

We then define

z
ve(z, 1) ::f U(y,t+¢e;1—-¢)dy. (5.3)
Let )
1—¢)m2 1)mz
ez o LoD m s D7 o (5.4)
2m+2 pEDm-fQ

so that the support of U(-,&;1—¢) is given by [-II'"¢(¢),II'*(¢)]. (A more general
function I1?(#) is used in the Appendix, and this notation is chosen to agree with that
notation.) In particular, this implies that v.(z,0) is constant on (—oco,-II'"¢(¢))
and on (IT'™%(e),00). Since U(-,e;1 - ¢) belongs to L*®(R), v.(x,0) is Lipschitz
continuous. Note that v.(I1'"*(£),0) = 1—¢, by the choice of constant in the definition
of U(-,-;1-¢).

Define

L:=L(e) =max{k<0: F{ <¢}
R:=R(¢)=min{k>0: F) >1-¢}.

These values are both finite because p is a probability distribution on R. Then
for 7 € N, let v*V(x,t;7) be defined by (4.3) with (A,)™% = A; = 1/N and initial
condition

vON (@, 7)) = va([(z = LY 4 210 (6)) /Ay | Ay, 0) + & (5.5)
for t € [0, Ay).

Similarly, define vV (x,t;7) by (4.3) with (A;)™*? = A; = 1/N and initial condi-
tion

voN (@, 1) = ve([(x - RV Z 1115 (2)) /Ay | AL, 0) (5.6)
for t € [0, Ay).

Since the initial condition is bounded and uniformly continuous, by Theorem 2.1
we know that v* (x,t;7) converges to the unique viscosity solution v*(z,#;7) of

vf =T " g, = 0 in R x (0,7], 5.7
v*(x,0) = va(z — L /02 L 2112 (£),0) + e in R. '
Similarly, v™" (z,t;7) converges to the unique viscosity solution v~ (z,t;7) of
vy =5 oz ™ v, = 0 in Rx (0,77, (55
v (2,0) = v (z — Ra~Y02) _1112(£),0) in R. '

Notice that the initial conditions in (5.7) and (5.8) are simply shifts of v.(z,0).
Therefore, by Corollary 3.4 and Lemma A.4, we know the profiles of v*(z,t;7)



23

and v~ (z,t;7) are the corresponding shifts of [ U(y,t+e;1-¢)dy for all times ¢
(shifted left by |L|7~/(™*2) 4+ 2I1'~%(¢) and up by &, or right by R~ (m+2) L1112 (¢),
respectively).

Next, because v (z,0;7),v"" (x,0;7) are discretizations of Lipschitz functions,
there exists 1 > 0 such that for if A, <7, then for all x,

|’U_’N($ + Aw70) - ’U_’N($7 0)' < p*y
[N (2 + Ay, 0) — vV (2,0)] < p*.

We claim that if A, < min(I'"5(e),2"/™*2)), then v*N (z,0) > vV (z,0) for all
x. To see this, first note that by choice of L, when z < LA,, we have

o (z,0) <e.
Because v (x,0;7) > ¢ by definition, it follows that for = < LA,
v (2,0) <e <v™N(z,0;7). (5.9)

For = > LA,, notice that since A, < Y m+2) and L < 0, we have L(A, -
7~ 1/0m+2)y > 0. Since v, is nondecreasing, it follows that

PN (2,0:7) = vo (| (z - Lt £ 2111 () /Ay | AL, 0) + &
> v ([(L(Ag -7 /m2)) 4 2115 (e)) /Ay | A, 0)
> ve(L2H1_E(s)/AmJAm, 0)+e
> 0. (I (),0) +e = 1.

The last inequality holds since |2IT17%(¢)/A, |A, > TI'™4(¢) when A, < TT'75(¢).
Therefore, we have that for z > LA, and A, < min(IT'~5(e),n " /(m+2)),

o (2,0) <1 <oV (2,0;7). (5.10)
Combining (5.9) and (5.10), we see that when A, < min(IT'"%(e),n~1/(m*2)),
o (2,0) <v™N(x,0;7)

for all x.
Similarly, if A, <7 Y™+ then for all < RA,, we have

N (2,0;7) = ve (| (z = R~ Y2 Z 11172 (6)) /AL | Ay, 0)
<v(RA, - Ra~Vm+2) _111=2(¢), 0)
<v(-11'%(¢),0)
=0
<o (z,0).
Moreover, if x > RA,, then by the choice of R,
v (2,0;7) <1-¢ <o (z,0),

where the first inequality comes from the fact that v>V(x,0;7) < 1 - ¢ for all z.
Therefore, if A, <7~ /(M*2) then for all ,

v N (z,0;7) <oV (z,0).

Together, the above bounds give us an ordering of the initial conditions of the
three schemes whenever A, < min(IT'"(¢),n 1/ ("+2)):

v (2,0;7) <o (2,0) <oV (x,0;7).
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If N is large enough that A, < min(II'"%(g),7"Y(™*2) p), then we also have that
v N (2,0;7), vV (2,0), vV (2,0;72) are each bounded above by p* and ordered. For
such N, it then follows by Lemma 4.3 that for all x e R, ¢ > 0,

vV (2t 0) <o (x,t) <otV (x,t0).

Now fix T'> 1, K ¢ R compact, and > 0. We can then apply Proposition 4.2 at
time t = 1 < T to see that there exists a constant Ny = No(m,d, M, K,T) such that
for all N > Ny, for all z € R,

v (z,1;7) <vt(z,1;72) +6  and

v (z,1;7) 20 (2,1;7) - 0.
Combining the above inequalities, and recalling that A, = AY = N -1/(m+2)
that if N > N is large enough that A, < min(Hl_a(e),ﬁ_l/(m+2),n), then

P(Xy <aNY0 2y 2 oN (g 1) e [v (2, 1;7) - 6,0 (2, 1;72) + 6].

, We see

For 7 > max(1/II'"% (&), No,n(™*2)), requiring that N > 7 will automatically satisfy
the other constraints on N.
Furthermore, by Theorem 3.1, we know that v, is the unique viscosity solution of

(Uf)f_mTﬂl(Us)ﬂm (ve)zz =0 in Rx (0,77,
'Ue(x70) =’U€(l‘,0) in R,
and since the PDE is invariant to shifts in space and addition by constants, this
implies that
"EfoL_l/("”Q) +oT11-¢ (6) .
’v+(w,t;ﬁ)=€+f Uy,t+e1-e)dy,

and
x_Rﬁ—l/(erZ)_Hl—s(a) ~
?f(x,t;ﬁ):f U(y,t+e;1-¢)dy.
The above bounds then imply that

limsup P(Xy < o NY/(m+2))
N—o0

:L‘—Lﬁ_l/("”Q) +oI11-¢ (E) N
< inf e+f U(y,1+e;1-¢e)dy |+
5(5)’N0’77—(m+2)) -

- n>max(1/I11- 00
e+ v.(x+ 21175 (e),1) +0
and

liminf P(Xy < NV m+2)y

x_Rﬁ—l/(erZ)_Hlfg(a) R
= b f Uly,1+e;1-¢)dy| -6
7~121116\.X(1/H1’5 (5)7]\[0777—(77”2)) —o00

= v (z - (e),1) - 6.

Now recalling by the explicit formula for II'"*(¢) in (5.4) and the formula for v,
in (5.3), we have

mII' () = 0
e—0
and .
lim o (x - 117 (2), 1) = f Uy, 1:1) dy = limo.(w + 2117 (2),1)
[Shd —00 [Shd
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Therefore, taking the limit as d§,& - 0, we see that
/ U(y,1;1)dy < lij{fnian(XN <z NV(m+2))

< limsup P(Xy < zNY(m+2))
N—oo

S/ Uy, 1;1) dy,
and so ¥
. N T .
dm (o <o) = L0

The fact that U (y,1;1) is the density of the scaled and recentered Beta distribution
(5.1) was explained in our discussion in Section 3.1; this completes the proof. O

6. RELAXATION OF p*-BOUNDED AND THE PROOF OF THEOREM 1.1

6.1. Eventually p*-bounded distributions. In this section, we show that every
symmetric cooperative motion eventually has a p*-bounded distribution.

Proposition 6.1. Let (X,,,n >0) be SCM(m, u)-distributed. There exists a constant
N := N(m) such that for all n > N, maxgez P(X,, =k) < p*.

Proof. By Lemma 4.3 we know that if maxyez pj, < p* then also maux,yfgzpz+1 <p*. It
therefore suffices to show that there exists C' > 0 such that for all n >0 and k € Z, if

maxyez P, > p~* then
n+1

pr <max(py_q, Pk, Pia) — C- (6.1)
Indeed, if this holds, then for all n > 0 and all k € Z,

P(X,41 = k) <max (p*, max(P(X, =k -1),P(X, =k),P(X, =k+1))-C)
< max(p*,ngaZXP(Xn =k)-0C),
€

which implies that maxgez P(X,, =k) <p* for all n > (1 -p*)/C.
We first treat the case that max(p}_,,p},pi,,) > p* > 1/2. This implies that m > 1,
and we will use this fact in the argument. By definition we have

1
Pt -pp = 5 ((Pp)™ ! =2(p)™ ! + (pp_y) ™).

m+l_ 1 _m+1_ 1 m+1 : _on _n _
—5x™T =5y ) with z = pi,x = pi,y =

pl_q- Since z is increasing in z and also a™*! + b™*! < (a + b)™*! for a,b > 0 by
convexity, if x +y < % < z, then 2™*1 > 27(m+1) 5 gl L ym+1 - Thig implies that

P __xm+1_lym+1>2m+1_l >L
2 2 - 2 2 T gm+2’

which shows that if pj > 1/2, then pZ” <pp - 1/2m+2,
Next, by definition we have

1
PR = pi = o= w5 (@)™ 200+ )™ )

_ 1 m+1 m+1 1 m+1

——(2—52 -y+y —533 ),
with z = p' |,y =,z = p}_,. Moreover, since x +y < 1/2, min(z,y) <1/3. (Indeed,
min(z,y) < 1/4, but there are enough factors of 2 floating around that we instead use
the bound 1/3 to reduce potential confusion over what factors come from where.)

We can write the right-hand side as —(z

m+1
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Combined with the fact that when m > 1, x — 2™ and 2™ are increasing on
[0,1/2], we thus have

1 11 1
m+1 m+1
YRy T 2ot o T S

where C1 := min(% - (%)m+1 - % + (%)m+1 , % [(%)m+1 - (%)mﬂ]) Since z > % and
m+1

m+1
z — #5— is concave down on [1/2,1], we also have z - #5— > % - 27,%, SO
1 1
Z_§Zm+1_y+ym+1_§xm+1ZOI>0’

+C1,

and therefore if pf, | > 1/2 then pi*t <pi' - C.

By a symmetric argument, if p? ; > 1/2 then p?*! < p? ,—C;. Combining the three

k-1 k k-1

cases, it follows that if max(pz_l,pz,p;;”) >p* >1/2, then pﬁ” < max(pz_l,pz,pz+l)—
min(Cy,1/2m+2),

We now turn to the case that p* < 1/2 and max(p?_,,p?,p.;) > p*, and again

k-12 Pk Pk+1 g

show that in this case

pg*l <max(py_1,P5,Prs1) — C

for some absolute constant C' > 0. Whenever p* < %, we automatically have m < 1,
and we will use this fact throughout the rest of the proof. The arguments are similar
to those above, with the addition of new cases.

Before beginning our analysis, we remark that

1

x>z -2 is increasing on [0,p*) and decreasing on (p*,1), (6.2)

and for m < 1,

1

T T - 53:”% is increasing on [0, 1), (6.3)

We will use this fact several times in the argument.

Suppose that pj > p*. First, note that since p* > 1/3, at least one of p}'_; and p,,
is less than 1/3. By the symmetry of the recurrence, we may assume that pj , <1/3.
If also p} > pp . it follows that

n n o.n n+1 n n+1
max(py_1,PksPks1) — Pk =Pk — Dk

1 1
= ()™ = S )™ = S k)™
1

> ()™ = S )™ - ™!
1 1/1 m+1

> 2 (p* m+l _ — (_)

> 2(1) ) 513

o) pZ” < maX(pZ_l,pZ,szrl)—%((p*)m+l —(1/3)™*1). On the other hand, if Py > Pp
then it follows that

n n n n+1 n n+1
max(py_1, P Phs1) ~ Pk = Phe1 — Pk

1 1 1 1 1
= Phy1 — 5(1)&1)"” -pp+ (pp)™" - 5(1)221)"” .

Since py,, > p*, by (6.3) we have p},, — %(pzﬂ)m” > p* - %(p*)m”. Using (6.2),
we have —p! + (pZ)WHl > —p* + (p*)™*!. Finally, since Pr. > pp > 1/3, we have
%(pzfl)m” < %(1/ 3)™*1. Using all these bounds together yields that

n n o.n _n+1>1 *m+1_1m+1
max(py_1, P> Pk+1) ~ Pk =5 (") 3 )

so again pp*! < max(pf_;,pi, P, ,) — 2((p*)™H — (1/3)™H).
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Finally, suppose that p}! < p* < max(p}_,,p},p},,)- As noted above, this implies
that m < 1. We suppose without loss of generality that max(p}_,,pp,Pr,1) = Prat-
We argue in two cases, depending on whether or not p;’_;, > p*. In both cases, we
have

n n n n+l _ n n+1
max(py_1sPksPk+1) ~ Pk = Phs1 ~ Dk

1 1
= Pl ~ 5(1?211)’”” —pi+ ()™ - 5(1?75_1)’”” , (6.4)

and we aim to bound the right-hand side away from zero from below.
If py_, < p*, then since both z - 2™ and 2™*1/2 are increasing on [0,p*) and
min(py_,,p) <1/3 <p*, it follows that

1 1
max(py_y, Py, Dher) — P 2 Py - 5(192“)’”” —p*+(p)"! - 5(19’“)”"”+1 +Cy
1 1
=P - 5(19211)’”” -pt+ 5(19’“)’”+1 +Cs,

where we have taken

) . om 1 1 m+1 1 oo 1/1 m+1
Cm(p ~em-g+(3) 0 -5(3) )>0-

By (6.3), since p,; = max(p}_;,p},Preq), it follows that

max(pp_1,PrsPre1) —pZH >Cy>0.

If pi_; > p*, then we bound the right-hand side of (6.4) away from zero by showing
that in this case, max(p}_,,p}, P, 1) —pZ” is minimized when p}_; = p},; =p* and
py = 1-2p*. To accomplish this, we reparametrize the equation, letting pi’_, +pj,; =
2p" +T and pi,, =p* + % + A, so that p}_, =p* + % — A. Notice that T € [0,1 - 2p*]
since py,; = max(py_,, Pk, Pr,q), and A € [0,7/2], since p}, , > pp_,. With these new
variables, we have

9(T, A, p}) = max(p_y, ., Pier) —Pi"

=p*+g+A—%(p*+g+A)m+l—%(p*+g—A)m+l—pZ+(p2)m” .
It follows that
@:1—m—+1(p*+l+A)m+m—+l(p*+Z—A)m>0
oA 2 2 9 2

the last inequality holding for A € [0,7'/2] since m < 1. This implies that
9(T, A, pr) 2 (T, 0, py.)-
By (6.2) and since p} € [0,1 -2p* = T'] c [0,p"), it follows that
9(T, Aspp) 2 g(T,0,1-2p" - T)

« T * ml * * m+1
- p +5—(p +5) C(1-2p" ~T) 4 (1-2p* —T)™ .

Finally, taking a derivative of g(7,0,1-2p* —T) in T, we get
dg(7,0,1-2p*-T) 3 m+1 ( .

drT 2 2

+€)m—(m+l)(1—2p*—T)m.
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Since p* = W, we have
dg(T7071_2p*_T) 3 m+l *\M *\ 1M
=— - - 1)(1-2
I B ()" = (m=+1)(1-2p")
3 1

25—5—(m+1)(1—2p*)m

=1-(m+1)(1-2p")" >0

the inequality holding since 1 - 2p* < p* and m < 1. To see that >0

for all T € [07 1- 2])*]7 we show that W
d’g(T,0,1-2p*-T)  m(m+1)
dT? - 4

m-—1
:m(m+1)[(1-2p*—T)m1 —i(p* +g) ] >0,

where the last inequality is due to the fact that 1-2p* —T < p* + T/2 and 2™ is
decreasing on [0, 1].

Because the second derivative is positive and j—%|T:0 > 0, we know that 3—791 > 0 for
all T € [0,1 - 2p*] and thus that ¢(7,0,1 - 2p* - T) > ¢(0,0,1 — 2p*). Putting this
all together, we get

g(T7D7pZ) 2 9(0707 1- 2p*)
—p = ()" - (1 =2p) + (1-2p)" T =0y > 0,
the inequality holding by (6.2), since p* > 1 — 2p*. Combining the above cases, it
follows that when p* < 1/2 and max(p}_,,p},p},1) > ", we have

dg(T,0,1-2p*-T)
dT

> 0. We compute

T m—1
(p* + 5) +m(m+1)(1-2p* -T)™!

Y

pitt <max(pji_y, by piyr) - C
for C' = min(Cs,C3) > 0, where Cy, C3 are as defined above. O

6.2. The proof of Theorem 1.1. We conclude the section with the proof of The-
orem 1.1.

Proof of Theorem 1.1. Fix m > 0 and p an initial probability distribution. As
(Xpn,n >0) is SCM(m, p)-distributed, by Proposition 6.1, there exists N = N(m) so
that for all n > N, maxgez P(X,, = k) < p*. Define i to be the distribution of Xy,
so that fi is p*-bounded. If X, := Xnp, then (X,,,n > 0) is SCM(m, fi)-distributed.
By Proposition 5.1, this implies that

. X,
T}EI(}OP(W < I’) = U(I’,l)
locally uniformly in z, where v(x,1) is the CDF of

2(m+1)/(m+2) (4 1)1/ (m+2) m+1 m+1\ 1
[Beta( ) - —]
Dm/(m+2)p1/2

5|

Since N is fixed and v(z,1) is continuous, this implies that for all x € R,

: Xn . Xn n—-N 1/(m+2)
JﬂP(Wﬁw)ﬁﬂP(nu(m)”( ) ):”(“)’

m = m

SO

Xo a4 2miE (m+ DY) gL
nifms2) T poEg i ( ")’

2
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where B is Be‘czau(Wr1 mWﬂ)—dis‘cribu‘ced, as required. O

m ?
7. GENERALIZATIONS AND EXTENSIONS

7.1. Robustness of the Method. While we have focused on proving Theorem 1.1,
we believe the approach and method of proof are rather general, and can potentially
be applied to other interesting probabilistic models. We next present a summary of
the general ingredients needed, by our method, to prove a distributional convergence
result for a generic sequence of random variables (X,,,n > 0) on Z, whose laws are
specified by a recursive distributional equation (RDE). Throughout the discussion,
we highlight where each of these ingredients appears in our proof of the Bernoulli
central limit theorem in Section 2.2 and the proof of Theorem 1.1.

Given an (RDE) for the CDF F}' = P[X,, < k], we seek the following ingredients:

(1) The RDE is a discrete approzimation of a well-posed PDE. Presented with an
RDE, one may attempt to “guess” a PDE which the RDE approximates. It is
then crucial to identify whether this PDE is well-posed; in particular whether
it is equipped with a solution theory which has existence and uniqueness
for initial conditions which are (extended) CDFs. In the context of the
Bernoulli central limit theorem, we relied on the theory of classical solutions;
in the context of Theorem 1.1, we relied on viscosity solutions for PDEs with
Lipschitz continuous, extended CDF initial conditions.

(2) A self-similar scaling. Since the RDE describes the dynamics at integer times
and integer locations, one further needs to identify a self-similar scaling of
space and time which keeps the PDE limit of the CDF invariant. In the
case of the Bernoulli central limit theorem, this was the classical Brown-
ian/parabolic scaling, and in the case of Theorem 1.1, this was given by
tct, z~ Dz Upon identifying a self-similar scaling, one can hope
to translate the RDE into a finite difference scheme, as we did in transitioning
from (4.1) to (4.3).

(3) An established theory of convergence results for finite difference schemes of
the PDE. In these works, we relied on the convergence results of Barles and
Souganidis [3] for degenerate parabolic PDEs with continuous initial condi-
tions; equipped with convergence results, we had to ensure that our finite dif-
ference scheme satisfied the appropriate hypotheses of the Barles-Souganidis
theorem. For other models, different convergence results for finite difference
schemes approximating solutions of PDEs may be used. (For example, [1]
uses results of Crandall and Lions [9]; [2] uses results of Evje and Karlsen
[11].)

(4) Coupling different initial conditions. It is possible that either the solution
theory of the well-posed PDE or the convergence results for the associated
finite difference schemes are not robust enough to handle discretizations of
a PDE with a Heaviside initial condition. This was the case in both the
Bernoulli central limit theorem and Theorem 1.1. We resolved this by de-
veloping a “sandwiching argument,” which ultimately relied on coupling sto-
chastic processes with different initial conditions.

(5) (Optional.) A way of identifying the explicit solution of the PDE with a
Heaviside initial condition. The prior ingredients yield that the CDF of a
rescaled random variable converges to a function which solves a PDE with a
Heaviside initial condition. This function (evaluated at time 1) is precisely
the CDF of the limiting random variable. To obtain a more explicit de-
scription of the limiting distribution, one may attempt to identify an explicit
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representation for the solution of this PDE with a Heaviside initial condi-
tion. For the Bernoulli central limit theorem, this was automatic due to the
theory of fundamental solutions. In the setting of Theorem 1.1, we needed
to develop the results of Section 3 in order to identify the symmetric Beta
random variable in the limit.

While this discussion is not a precise general theorem, we hope that it clarifies the
main ingredients needed in order to adapt our approach to different models.

One such adaptation we mention here is cooperative motion with “g-lazy dynam-
ics”, where as before,

Xn+E, #X,=X,1=...=X,n
Xp1 = .
X otherwise,

for Xy 1,..., Xym 1ID copies of X,,, but now (E,,n >0) are IID with P(Ep=1) =
q/2 = P(Ep=-1), P(Ep=0) = 1 -¢q. In this case, a straightforward extension
of our method yields that the appropriate PDE governing the limiting probability
distribution is given by

up — %(umﬂ)m =0.
An analysis of the corresponding ZKB solution of the above PDE yields that

X, d 22—3(m+1)1/(m+2)q1/(m+2) 5 1
nifme2) D75 plf? ( B 5)’
where B is again Beta(mnfbl, mT”)—distributed.

It would of course be natural to consider step sizes with support not contained
in {-1,0,1}; however in the setting of cooperative motion, monotonicity becomes
an issue for more general step sizes. (This is explained in more detail in [1, Section
5.2].) There is only one other family of cases we can handle — when the step sizes
have support contained in {-R,0, R} for some fixed R € N. We turn to this in the
next subsection.

7.2. Persistent Lattice Effects. Fix ¢ € (0,1] and r € [1/2,1], and consider a
variant of the cooperative motion process defined by

. {Xn By Xy = Xy == X 1)

X otherwise

where (E,,n > 0) are IID with P (Ep = R) =rq, P(Ep = —R) = (1-r)gand P (Ey = 0)
1-gq. (As before, X, 1,..., X, are IID copies of X,,.) If the initial distribution p
is supported by RZ+ k for some 1 < k < R then this process simply looks like a coop-
erative motion with {-1,0,1} steps (which is symmetric if = 1/2 and asymmetric
otherwise). However, for other initial distributions, alternative asymptotic behaviour
can appear. The reason for this is explained in detail in the setting of asymmetric
cooperative motion in our previous work [1], in which we prove the following result.

Theorem 7.1 ([1], Theorem 5.1). Consider the cooperative motion process defined
in (7.1), with r > 1/2 and with r and q not both 1. Let 1, = P (Xo =k mod R) for
ke{l,2,...,r}. Then

1
Xn 4 (2r-1)g\=1 & e
n1/(m+1) _)R(mJ’l)( e B'I;(Wk)m”]l{A:k},

where A is a random variable with P(A = k) = my for k € {1,2,...,R}, and B is
Beta(ZtL 1)-distributed and independent of A.

m




31

The analogous result for symmetric cooperative motion is as follows.

Theorem 7.2. Consider the cooperative motion process defined in (7.1), with r =
1/2. Let m, =P (Xo =k mod R) for ke{1,2,...,r}. Then

X, a 2ma(m+1)mEgne 1\ &
n m+ i m+ m+ B _ _) . T #ﬂ B ’
me2) D i ( 1;::1( %) (A=K}

2

where A is a random variable with P(A = k) = my for k € {1,2,...,R}, and B is
Beta(mT”, %ﬂ)—distributed and independent of A.

We omit the proof of Theorem 7.2 as it is both straightforward and precisely
analogous to the (rather short) proof of Theorem 7.1 from [1].

APPENDIX A. FACTS ABOUT RELEVANT SOLUTIONS
We begin with a review of distributional solutions.

Definition A.1. Let ¥ : R - R be continuous and nondecreasing and let ug €
LYR)n L*®(R). We say that u € C([0,T]; L' (R))n L (Rx[0,T1]) is a distributional
solution of

{Ut = (U(u))ez =0 in Rx(0,T7], (A1)

u(z,0) = ug(x) inR,
if and only if for all p e C(R % [0,T7)),

fOT [: wpr + U (u) Qg drdt + [: uo(z)e(x,0)dr = 0. (A.2)

We also define viscosity solutions of a certain class of PDEs.
Definition A.2. Consider the good initial value problem

Ut+G(U£B7U.’E(E):0 %HRX(07T]7 (A3)
v(x,0) =vo(z) in R.
We say that a bounded, uniformly continuous function v : Rx[0,7"] - R is a viscosity
subsolution of (A.3) if for any function ¢ € C?*(R x (0,7']) such that v — ¢ has a
local maximum at (zg,%o) € R x (0,7"], we have

wi(zo,to) + G(pz(z0,t0), ez (o, t0)) <0.

We say that v is a viscosity supersolution of (A.3) if for any function ¢ € C*!(R x
(0,T]) such that v — ¢ has a local minimum at (zg,ty) € R x (0,7'], we have

wi(zo,to) + G(pz(z0,t0), ez (o, t0)) > 0.

Finally, we say that v is a viscosity solution of (A.3) if and only if v is both a viscosity
subsolution and supersolution of (A.3), and additionally, for all z € R, v(y,t) — vo(z)

as (y,t) - (z,0).

Remark A.3. If u and v belong to C**(R x (0,7]) n C(R x [0,7]) and are classical
solutions of (A.1) and (A.3) on R x (0,7'], respectively, then they are also distribu-
tional and viscosity solutions, respectively. To see this, first note that in the case of
(A.1), if u is sufficiently regular then (A.2) is automatically satisfied by integration
by parts.

In the case when v € C*1(Rx (0,7])nC(Rx[0,T]), verifying that v is a viscosity
solution is also straightforward since G is degenerate elliptic. Whenever v — ¢ has a
local maximum at (zg,t9) € R x (0,7, we have

ve(xo,to) = pe(xo,to) and  vz(zo,t0) = pz(xo,t0) and  vgz(zo,%0) < Yua(zo,t0)-
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If (z9,t0) € Rx {t =T}, we have
ve(xo,to) > pe(wo,to) and  wvi(xo,t0) = pa(z0,t0) and vy (x0,t0) < @az(x0,t0)-
This implies that

et(wo,to) + Gz (0, t0), Paa (o, to)) < ve(20,t0) + G (v (20, t0), vaz (0, t0)) = 0,
and this verifies the subsolution property. The supersolution property is analogous.

A similar computation to the one above can be used to show that the ZKB solution
shifted by any & > 0 amount of time (so given by U(z,t+e;1), where U is as in (3.1))
is in fact the unique distributional solution of the porous medium equation with
initial condition U (z,e;1).

Lemma A.4. Let

2m_
0 (x.1:0) = 1 V20 \m ~ 2p)x|?
LHY) = ey [\ p 1 (m + 1)2/(m+2)
v N

1/m

For every e > 0, the function (z,t) — U(m, t+e;0) is the unique distributional solution

of

(A.4)

up — %(um”)m =0 in Rx(0,00),
w(z,0) = U(z,e:0) inR.

Proof. Throughout the proof, to be consistent with our prior notation, we let W(r) =
1, m+1 Defi
57", Define

[-I1°(1), 117 (1)]

[ omE(m+ ) me) 1/ (m+2) VO(m + 1)1/ (m2) 1/ (m+2)
) QU me2) p172 prif(m+2) )

which is the support of U (-,t;6). A routine calculation verifies that U (-,-;0) solves

(A4) for all t > 0 and z e (-119(¢),11%(t)). For z ¢ (-T1°(¢),11%(t)) we have

U(x,t;0) = 0, and hence U(-,-; ) is also a classical solution on {(z,t) : = ¢ [-II(¢), 11 (¢)]}.
This implies that (z,t) = U(xz,t+e;0) is a piecewise smooth function which satis-

fies the porous medium equation in each of its subdomains of smoothness. Moreover,

letting u(z,t) == U(x,t +¢;6), we have that u(-,¢) and (%um”(-,t))x are both 0 at

the endpoints of the support, {—He(t +e), I (¢ + 6)} By a standard integration by

parts calculation, this implies that u is a distributional solution. O

We conclude the appendix by stating the stability property of viscosity solutions.

Proposition A.5. [7, Theorem 8.3] Let (v,,1 < n < oo0) denote a collection of
viscosity subsolutions of

(vn)e + Gn ()2, (Vn)2z) <0 in Rx (0,7,

where G, is degenerate elliptic and continuous for each n. If v, - v and G, - G
locally uniformly, then v is a viscosity subsolution of

O+ G (U, 022) <0 in R x (0,7T7].

The analogous statement holds for viscosity supersolutions.
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