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THE CENTRAL LIMIT THEOREM VIA DOUBLING OF

VARIABLES

LOUIGI ADDARIO-BERRY, GAVIN BARILL, ERIN BECKMAN, AND JESSICA LIN

Abstract. We give a new, self-contained proof of the multidimensional
central limit theorem using the technique of “doubling variables,” which
is traditionally used to prove uniqueness of solutions of partial differential
equations (PDEs). Our technique also yields quantitative bounds for ran-
dom variables with finite 2 + γ moment for some γ ∈ (0,1]; when γ = 1, this
proves a version of the Berry–Esseen theorem in R

d.

1. Introduction

The central limit theorem, under its moniker of “the bell curve,” is perhaps
the best-known mathematical result outside of the mathematical sciences. The
purpose of this paper is to provide a new, self-contained proof of the central
limit theorem in Rd via doubling of variables, a key technique for establishing
uniqueness of solutions of first- and second-order PDEs [8, 13]. Some of the
authors of this article have recently used related techniques from the analysis
of PDEs to prove distributional convergence for several random processes [1–3].
We believe that this family of methods will be broadly useful in probabilistic
settings, and the central limit theorem seems to us a useful proving ground.
Throughout the paper we let (Xi, i ≥ 1) be iid, centered, Rd-valued random

variables with non-degenerate, finite covariance matrix Σ, defined on a common
probability space (Ω,F ,P), and for integers n ≥ 1 we set Sn =X1 + . . . +Xn.
We prove the central limit theorem in the following form.

Theorem 1.1. For all bounded, uniformly continuous f ∶ Rd → R,

E [f ( Sn

n1/2
)]→ E [f(ξ)] (1.1)

as n→∞, where ξ ∼ N (0,Σ).
The notation ξ ∼ N (0,Σ) means that ξ is a centered Gaussian with co-

variance matrix Σ. By the Portmanteau theorem, the above formulation is
equivalent to the formulation in terms of cumulative distribution functions.
We write Ck(Rd) for the set of functions f ∶ Rd → R for which all partial

derivatives of order up to k exist and are uniformly bounded. For test func-
tions f ∈ C4(Rd) which vanish at infinity, our proof technique directly yields
a quantitative rate of convergence in (1.1) as soon as the random variables Xi

have a 2 + γ moment for some γ > 0.
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Theorem 1.2. For all f ∈ C4(Rd) with ∣f(x)∣ → 0 as ∣x∣ → ∞, there exists
C = C(d, ∥f∥C4 ,Σ) such that for all γ ∈ (0,1], for all n ≥ 1,

∣E [f ( Sn

n1/2
)] −E [f(ξ)]∣ ≤ CE [∣X1∣2+γ ∣]

nγ/2
,

where ξ ∼ N (0,Σ).
The C4 norm ∥f∥C4 appearing in the statement is defined in (1.7), below.

When γ = 1, Theorem 1.2 is a version of the multidimensional Berry-Esseen
theorem [5, 11]. For γ ∈ (0,1], this is a version of a result of Bhattacharya and
Rao [6, Theorem 18.1, Corollaries 18.2-3]; however, their result allows for more
general test functions f and for steps which may not be identically distributed;
this leads to more complicated dependency on the tail behaviour of the Xi and
of f .
Here is the key idea underlying the proof. For any bounded continuous

function f ∶ Rd → R and any integer n ≥ 1, define a function un = un,f ∶
Rd × [0,∞)→ R

un (x, t) ∶= E [f (x + S⌊nt⌋

n1/2 )] . (1.2)

Note that un is continuous in x, while for each x ∈ Rd, un(x, ⋅) is constant on
time intervals of the form [kn−1, (k + 1)n−1) for k ∈ Z+ = {0} ∪ N. For f and
un = un,f as above, the following proposition is straightforward.

Proposition 1.1. For all t ≥ 0 and all x ∈ Rd,

un(x, t + n−1) = E [un(x + n−1/2X⌊nt⌋+1, t)] (1.3)

Proof. By definition,

un(x, t + n−1) = E [f(x + n−1/2S⌊nt⌋+1)] = E [f (x + n−1/2 (S⌊nt⌋ +X⌊nt⌋+1))] .
Since X⌊nt⌋+1 is independent of S⌊nt⌋, writing L for the law of X⌊nt⌋+1 (which is
also the law of Xi for all i ≥ 1), Fubini’s theorem yields that

un(x, t + n−1) = ∫
Rd

E [f (x + n−1/2r + n−1/2S⌊nt⌋)] L(dr)
= ∫

Rd
un(x + n−1/2r, t)L(dr)

= E [un(x + n−1/2X⌊nt⌋+1, t)] . ∎

Subtracting un(x, t) from each side of (1.3) and dividing by n−1 yields

un (x, t + n−1) − un (x, t)
n−1

= E
⎡⎢⎢⎢⎢⎣
un (x + n−1/2X⌊nt⌋+1, t) − un (x, t)

(n−1/2)2
⎤⎥⎥⎥⎥⎦
. (1.4)

The left-hand side looks like a discrete time derivative, while the right-hand
side is, in fact, acting like a second-order discrete space derivative. Indeed, if
f ∈ C2(Rd), then also un(⋅, t) ∈ C2(Rd), and one can perform a Taylor approx-
imation of un on the right-hand side of (1.4). Since X⌊nt⌋+1 is centered, the
expectation then causes the first-order term of the Taylor expansion to vanish.
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More precisely, writing D2un to denote the Hessian of un in the spatial coor-
dinates, we show in Lemma 2.3 that the right-hand side closely approximates
half the trace of ΣD2un(x, t): for any T > 0,
lim
n→∞

sup
(x,t)∈Rd×[0,T ]

RRRRRRRRRRRR
E

⎡⎢⎢⎢⎢⎣
un (x + n−1/2X⌊nt⌋+1, t) − un (x, t)

(n−1/2)2
⎤⎥⎥⎥⎥⎦
−

1

2
tr(ΣD2un(x, t))

RRRRRRRRRRRR
= 0 .

Thus, if as n →∞, un converges to some limiting function u ∶ Rd
× [0,∞)→ R,

then in principle, u should satisfy the PDE

{∂tu = 1

2
tr(ΣD2u) in Rd

× (0,∞),
u(x,0) = f(x) on Rd .

(1.5)

This is nothing but the heat equation; its unique solution u = uf is given by

u(x, t) = E [f(x + t1/2ξ)] , (1.6)

where ξ ∼ N (0,Σ). The function u defined by (1.6) is twice continuously
differentiable in space and continuously differentiable in time for t > 0; we
reserve the notation C2,1(Rd

× (0,∞)) for such functions.1 Thus, we can estab-
lish the CLT by showing that (1.4) is indeed a good approximation of (1.5).
By the definitions of un,f and uf , proving (1.1) is equivalent to proving that
un,f(0,1)→ uf(0,1) as n →∞ for all bounded uniformly continous f ∶ Rd → R.
This is where doubling of variables comes in.

To introduce the technique, we use a simplified version of it (which does not
actually involve any doubling of variables) to prove the uniqueness of solutions
to (1.5) among C2 functions which vanish at infinity. Uniqueness in fact holds
within a much broader class, but proving this is more involved and less useful
for the expository purposes of this article.

Proposition 1.2. Fix continuous f ∶ Rd → R with ∣f(x)∣ → 0 as ∣x∣ → ∞, fix
T > 0, and let u, v ∈ C2,1(Rd

× (0,∞)) be such that

limsup
∣x∣→∞

sup
t∈[0,T ]

max(∣u(x, t)∣, ∣v(x, t)∣) = 0 .
If u(x,0) = f(x) = v(x,0) for all x ∈ Rd and ∂tu ≥ 1

2
tr(ΣD2u) on Rd

× (0,∞)
and ∂tv ≤ 1

2
tr(ΣD2v) on Rd

× (0,∞), then u ≥ v on Rd
× [0, T ].

This establishes the claimed uniqueness of solutions to (1.5) since if ∂tu =
1

2
tr(ΣD2u) and ∂tv = 1

2
tr(ΣD2v), then the proposition implies that u ≥ v, and

by swapping the roles of u and v in the proposition, we see that also v ≥ u.
Proof of Proposition 1.2. Let T > 0 be as in the statement of the proposition,
and let σ ∶= sup((v(x, t) − u(x, t))+ ∶ (x, t) ∈ Rd

× [0, T ]). If σ = 0, then the
claim is immediate, so instead assume that σ > 0. Let

Ψ(x, t) ∶= v(x, t) − u(x, t) − t ⋅ σ/(2T ).
Then Ψ(x,0) = 0 for all x ∈ Rd, and Ψ∗ ∶= sup(Ψ(x, t) ∶ (x, t) ∈ Rd

×[0, T ]) ≥ σ/2.
Observe that if ((xℓ, tℓ), ℓ ≥ 1) is any sequence of elements in Rd

× [0, T ]
such that ∣xℓ∣ → ∞ as ℓ → ∞, then v(xℓ, tℓ) → 0 and u(xℓ, tℓ) → 0, and thus
limsupΨ(xℓ, tℓ) ≤ 0. Now suppose that ((xℓ, tℓ), ℓ ≥ 1) is a sequence such that

1In fact, u is infinitely differentiable in both space and time, but we do not need this.
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Ψ(xℓ, tℓ) → Ψ∗; then since Ψ∗ > 0, we conclude that (xℓ, ℓ ≥ 1) is bounded,
so there exists a subsequence of ((xℓ, tℓ), ℓ ≥ 1) which converges to a point(x∗, t∗) ∈ Rd

× [0, T ]. By continuity, the limit satisfies Ψ(x∗, t∗) = Ψ∗, so since
Ψ(x,0) = 0 for all x we conclude that t∗ > 0.

Since Ψ is maximized at (x∗, t∗), necessarily ∂tΨ(x∗, t∗) ≥ 0, with equality if
t∗ < T ; by the definition of Ψ this yields that

∂tv(x∗, t∗) − ∂tu(x∗, t∗) ≥ σ/(2T ).
By the assumptions on u and v, the preceding inequality implies that

tr(ΣD2v(x∗, t∗)) − tr(ΣD2u(x∗, t∗)) ≥ σ/T.
To complete the proof, note that since Ψ is maximized at (x∗, t∗), the Hessian of
Ψ in the spatial variable must be non-positive semidefinite, i.e. D2Ψ(x∗, t∗) ⪯ 0.
Since Σ is positive semidefinite, it follows that ΣD2Ψ(x∗, t∗) ⪯ 0, so

tr(ΣD2Ψ(x∗, t∗)) = tr(ΣD2u(x∗, t∗)) − tr(ΣD2v(x∗, t∗)) ≤ 0 .
Combined with the prior display, this contradicts the assumption that σ > 0. ∎
To prove the central limit theorem, we wish to use the same style of argument

as in the above proof, with u = uf the solution of the heat equation (1.5) but
with v replaced by the approximation un = un,f . The idea is still to consider
the location where a function of the form un(x, t) − u(x, t) − ct is maximized,
then argue that the maximum must be small. However, since the time variable
in un is effectively discrete, and that in u is continuous, the cost of replacing
v by un is that we need to replace the function Φ in the proof by a function
with two time variables; we use a function of the form

Φn(x, t, s) = un(x, t) − u(x, s) − cn(t + s) −Cn(t − s)2,
for suitably chosen constants cn,Cn. The role of the additional term Cn(t−s)2
is a penalization to enforce that the maximum of this function is achieved at a
point where the difference ∣t − s∣ is small. The details of this argument appear
in the proof of Proposition 3.1, below.
The question of whether the function un approximates u can also be posed

in the framework of convergence of finite difference schemes. A fundamental
issue in the numerical analysis of PDEs is to construct discrete, finite differ-
ence schemes which correctly approximate the true solution of a given PDE.
Indeed, our proofs of Theorems 1.1 and 1.2 are inspired by the work of Crandall
and Lions [9, Theorem 1], where the authors obtain a quantitative estimate
measuring the difference between discrete functions un satisfying a monotone
finite difference scheme and the viscosity solution u of a first-order nonlin-
ear Hamilton-Jacobi equation. For second-order fully nonlinear equations, the
question of convergence of finite difference schemes (and not rates of conver-
gence) was established by Barles and Souganidis [4]. In our setting, the proofs
are much more straightforward than those in [9]; the fact that un is continuous
and regular (differentiable) in the spatial argument and the linearity of the
PDE both simplify the arguments. This also allows us to prove our results
without introducing the machinery of viscosity solutions.
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Related work. The history of the development of the CLT is described in the
book [12]. In addition to the classical proof based on characteristic functions, a
number of others have appeared in the literature. The paper [10], which itself
provides a new proof based on expanding the random variables in the statement
of the CLT with respect to the Haar basis, also describes other proofs of the
CLT, including those by Berry [5] and Trotter [14]; another new, elegant proof
recently appeared in [7]. The perspective taken in this paper is inspired by the
recent works [1–3], which introduced the idea of using probabilistic interpre-
tations of approximation schemes for PDEs in order to prove convergence in
distribution for random processes. The most similar argument to our own that
we have found in the literature is a proof of the one-dimensional CLT for iid
random variables with finite third moments, by Zong and Hu [15]. Their argu-
ment is rather different from ours, and in particular, it uses as input the theory
of viscosity solutions and regularity theory of parabolic PDEs, whereas ours is
self-contained. However, their proof is similar to ours in that its fundamental
idea is also to use the connection to the heat equation.

1.1. Notation. Write Sd for the set of symmetric d × d real matrices. For
functions u ∶ Rd

× [0,∞) → R, we view [0,∞) as a time dimension, and write
Du ∈ Rd and D2u ∈ Sd to denote the gradient and Hessian of u with respect to
space, when these are defined.
A multi-index α is a d-tuple of nonnegative integers α = (α1, α2, . . . , αd). For

a multi-index α, we define

∣α∣ = d

∑
i=1

αi, ∂αf = ∂∣α∣f

∂xα1

1
∂xα2

2
. . . ∂xαn

n

.

When ∣α∣ = 0 we take ∂αf = f by definition. For f ∈ Ck(Rd), we define the Ck

norm of f by ∥f∥Ck = ∑
0≤∣α∣≤k

∥∂αf∥∞. (1.7)

If f /∈ Ck(Rd) then we set ∥f∥Ck =∞. Note that ∥f∥C0 = ∥f∥∞ and that ∥f∥Ck

is non-decreasing in k.
For a matrix M ∈ Sd, we use the the notation

λmax(M) =max(∣λ∣ ∶ λ is an eigenvalue of M) .
Finally, we write Z+ = {0} ∪N, and let JnK = {0,1, . . . , n} for n ∈ Z+.

2. Approximation Results for Discrete Derivatives

In this section, we prove a series of lemmas which control “discrete derivative”
expressions in terms of their true derivatives. First, note that if f ∈ C1(Rd)
then by the definition of u = uf and the dominated convergence theorem,

limsup
∣h∣↓0

u(x + h, t) − u(x, t)
∣h∣ ≤ limsup

∣h∣↓0

E[ ∣f(x + h + t1/2ξ) − f(x + t1/2ξ)∣∣h∣ ]
≤ E[limsup

∣h∣↓0

∣f(x + h + t1/2ξ) − f(x + t1/2ξ)∣
∣h∣ ]

≤ ∥f∥C1 ,
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which implies that ∥u(⋅, t)∥C1 ≤ ∥f∥C1 , and a similar argument shows that∥un(⋅, t)∥C1 ≤ ∥f∥C1 . These inequalities also automatically hold if f /∈ C1(Rd),
since in this case ∥f∥C1 =∞. More generally, for all integers ℓ ≥ 1 and all t ≥ 0
we have ∥un(⋅, t)∥Cℓ ∨ ∥u(⋅, t)∥Cℓ ≤ ∥f∥Cℓ . (2.1)

This in particular implies that if ∥f∥C2 <∞ then the Hessians D2un and D2u

are both defined.
We next prove a lemma which we will use to obtain bounds on finite differ-

ences of un and its derivatives, as well as a bound on the modulus of continuity
of u.

Lemma 2.1. If g ∶ Rd → R is Borel measurable and Y is a square-integrable
random vector in Rd with E[Y ] = 0, Cov(Y ) = Σ, and E[∣g(Y )∣] <∞, then

sup
x∈Rd

∣E [g(x + Y ) − g(x)] ∣ ≤ ∥g∥C2 tr(Σ)/2 .
Proof. If ∥g∥C2 =∞ then the bound is automatic so we may assume ∥g∥C2 <∞.
By Taylor’s theorem, we may then write

g(x + Y ) − g(x) = ⟨Dg(x), Y ⟩ + 1

2
⟨D2g(x +CY )Y,Y ⟩ ,

for some C = C(Y ) ∈ [0,1]; it is not hard to see that C may be chosen as a
Borel measurable function of Y . It follows that

E [g(x + Y ) − g(x)] = E[⟨Dg(x), Y ⟩] + 1
2
E[⟨(D2g(x +CY ))Y,Y ⟩]

= 1
2
E[⟨(D2g(x +CY ))Y,Y ⟩] ,

the second equality holding since E [Y ] = 0. Since ∣⟨(D2g(x + CY ))Y,Y ⟩∣ ≤∥g∥C2 ∣Y ∣2, it follows that
∣E [g(x + Y ) − g(x)] ∣ ≤ ∥g∥C2E [∣Y ∣2] /2 = ∥g∥C2 tr(Σ)/2 . ∎

Corollary 2.2. Fix a bounded continuous function f ∶ Rd → R and write
un = un,f and u = uf . Then for all x ∈ Rd and t ≥ 0, we have

∣un(x, t + n−1) − un(x, t)∣ ≤ ∥f∥C2 tr(Σ)/(2n) ,
and if f ∈ C2(Rd), so that D2un is defined, then also

∣tr(D2un(x, t + n−1)) − tr(D2un(x, t))∣ ≤ d ⋅ ∥f∥C4 tr(Σ)/(2n) .
Finally, for all x ∈ Rd and t, h ≥ 0,

∣u(x, t + h) − u(x, t)∣ ≤ h∥f∥C2 tr(Σ)/2.
Proof. Fix t ≥ 0 and define g(x) = un(x, t). Then by (2.1) we have ∥g∥C2 ≤∥f∥C2 , so applying Lemma 2.1 with this choice of g and with Y = X⌊nt⌋+1n−1/2
yields that

∣E [un(x +X⌊nt⌋+1n−1/2, t) − un(x, t)]∣ ≤ ∥f∥C2 tr(Σ)/(2n);
note that CovY = n−1CovX⌊nt⌋+1. By (1.3), we have E [un(x +X⌊nt⌋+1n−1/2, t)] =
un(x, t + n−1) and the first bound now follows.
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For the second inequality, we assume ∥f∥C4 <∞ since otherwise the bound

is automatic. Fix i, j ∈ {1, . . . , d}, define g(x) = ∂2

∂xi∂xj
un(x, t), and note that

∥g∥C2 ≤ ∥f∥C4 by the same reasoning as for (2.1). Then again applying Lemma
2.1, with this choice of g and with Y =X⌊nt⌋+1n−1/2, we obtain

∣E[ ∂2

∂xi∂xj

un(x +X⌊nt⌋+1n−1/2, t) − ∂2

∂xi∂xj

un(x, t)]∣ ≤ ∥f∥C4 tr(Σ)/(2n) .
Next, since un(x, t+n−1) = E [un(x +X⌊nt⌋+1n−1/2, t)] by (1.3), by differentiating
under the integral sign we have

D2un(x, t + n−1) −D2un(x, t) = E [D2un(x +X⌊nt⌋+1n−1/2, t) −D2un(x, t)] ;
the right-hand side is a matrix with E [ ∂2

∂xi∂xj
(un(x +X⌊nt⌋+1n−1/2, t) − un(x, t))]

as its (i, j) entry. (Differentiation under the integral sign is justified by (2.1)
and the assumption that ∥f∥C4 <∞.) By the preceding displayed equation, the
entries of this matrix are all at most ∥f∥C4 tr(Σ)/(2n) in absolute value; since
the trace is the sum of the diagonal entries, the second bound of the corollary
follows.
For the last bound, letting ξ and ξ′ be independent and N (0,Σ)-distributed,

then h1/2ξ + t1/2ξ′ has the same distribution as (h + t)1/2ξ. Since f is bounded,
we may thus apply Fubini’s theorem to obtain

E [u(x + h1/2ξ′, t)] = E [f(x + h1/2ξ′ + t1/2ξ)] = E [f(x + (h+t)1/2ξ′)] = u(x, t+h)
The final bound of the corollary then follows from Lemma 2.1 applied with
g(x) = u(x, t) and Y = h1/2ξ′, which has covariance matrix hΣ. ∎

We conclude this section with a lemma which allows us to formalize the Tay-
lor expansion argument from the introduction. We also provide a quantitative
version in the case when Xi have a 2 + γ moment.

Lemma 2.3. Fix f ∈ C3(Rd) and write un = un,f . Fix T > 0 and define

εn = sup
(x,t)∈Rd×[0,T ]

∣E[un(x +X⌊nt⌋+1n−1/2, t) − un(x, t)
n−1

] − 1
2
tr(ΣD2un(x, t))∣.

Then εn → 0 as n→∞, and there exists C = C(d) > 0 such that for all γ ∈ (0,1],
it holds that εn ≤ C∥f∥C3E [∣X1∣2+γ]n−γ/2.
Proof of Lemma 2.3. Define g ∶ Rd

×Rd
× [0, T ]→ R by

g(h,x, t) = un(x + h, t) − un(x, t) − ⟨Dun(x, t), h⟩ − 1
2
⟨D2un(x, t)h,h⟩. (2.2)

By Taylor’s theorem and (2.1), there exists C = C(d) such that for every(x, t) ∈ Rd
× [0, T ],

∣g(h,x, t)∣ ≤ C∥un∥C3(∣h∣3 ∧ ∣h∣2) ≤ C∥f∥C3(∣h∣3 ∧ ∣h∣2) ≤ C∥f∥C3(∣h∣2+γ ∧ ∣h∣2).
(2.3)
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In this paragraph, it is convenient to write X = X⌊nt⌋+1 for simplicity. Sub-
stituting h =Xn−1/2 into (2.2) yields

g(Xn−1/2, x, t)
= un(x +Xn−1/2, t) − un(x, t) − ⟨Dun(x, t),X⟩

n1/2
−

⟨D2un(x, t)X,X⟩
2n

.

Note that E[⟨Dun(x, t),X⟩] = 0 since E[X] = 0. Dividing both sides by n−1

and taking expectations, we thus obtain

E[g(Xn−1/2, x, t)
n−1

] = E[un(x +Xn−1/2, t) − un(x, t)
n−1

] −E [⟨D2un(x, t)X,X⟩
2

]
= E[un(x +Xn−1/2, t) − un(x, t)

n−1
] − 1

2
tr(ΣD2un(x, t)),

and this equality and the fact that X
d=X1 together imply that

εn ≤ sup
(x,t)∈Rd×[0,T ]

E[ ∣g(X1n−1/2, x, t)
n−1

∣ ]. (2.4)

If E [∣X1∣2+γ] < ∞ for some value γ ∈ (0,1], then using that ∣g(h,x, t)∣ ≤
C∥f∥C3 ∣h∣2+γ from (2.3), the bound (2.4) yields that

εn ≤ sup
(x,t)∈Rd×[0,T ]

E [C∥f∥C3 ∣X1∣2+γn−γ/2] = C∥f∥C3E [∣X1∣2+γ]n−γ/2 ,
and this yields the second claim of the result.
To complete the proof of the first claim, it suffices to show that in all cases

lim
n→∞

sup
(x,t)∈Rd×[0,T ]

E[ ∣g(X1n−1/2, x, t)
n−1

∣ ] = 0. (2.5)

To this end, fix δ > 0 and choose a sequence ((xδ
n, t

δ
n), n ≥ 1) of elements of

Rd
× [0, T ] such that for all n ≥ 1,

sup
(x,t)∈Rd×[0,T ]

E[ ∣g(X1n−1/2, x, t)
n−1

∣ ] ≤ E[∣g(X1n−1/2, xδ
n, t

δ
n)

n−1
∣] + δ.

Note that by the bound ∣g(h,x, t)∣ ≤ C∥f∥C3 ∣h∣2 from (2.3), we have

∣g(X1n−1/2, xδ
n, t

δ
n)

n−1
∣ ≤ C∥f∥C3 ∣X1n−1/2∣2

n−1
= C∥f∥C3 ∣X1∣2.

Because E [∣X1∣2] <∞, we may thus apply the dominated convergence theorem,
then use the bound ∣g(h,x, t)∣ ≤ C∥f∥C3 ∣h∣3 from (2.3), to obtain

lim
n→∞

sup
(x,t)∈Rd×J2nK

E[ ∣g(X1n−1/2, x, t)
n−1

∣ ] ≤ limsup
n→∞

E[ ∣g(X1n−1/2, xδ
n, t

δ
n)

n−1
∣ ] + δ

≤ E[limsup
n→∞

∣g(X1n−1/2, xδ
n, t

δ
n)

n−1
∣] + δ

≤ E [limsup
n→∞

C∥f∥C3 ∣X1∣3n−1/2] + δ
= δ,
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where for the last equality we used that ∣X1∣3n−1/2 a.s.ÐÐ→ 0. Since δ > 0 was
arbitrary, this establishes (2.5) and completes the proof. ∎

3. Doubling of variables

In this section, we carry out the doubling of variables argument discussed
in the introduction. The following proposition almost establishes Theorem 1.1,
but for a slightly more restrictive class of test functions f .

Proposition 3.1. Fix f ∈ C4(Rd) with ∣f(x)∣ → 0 as ∣x∣ → ∞. Then writing
un = un,f and u = uf , we have

sup
(x,t)∈Rd×[0,2]

∣un(x, t) − u(x, t)∣ → 0 as n→∞. (3.1)

Moreover, there exists C = C(d, ∥f∥C4 , λmax(Σ)) such that for all γ ∈ (0,1]
sup

(x,t)∈Rd×[0,2]

∣un(x, t) − u(x, t)∣ ≤ CE [∣X1∣2+γ]n−γ/2 .
Recall that we write JnK = {0,1, . . . , n} for n ∈ Z+. Let

σn = sup
(x,k)∈Rd×J2nK

(un(x, kn−1) − u(x, kn−1))+ ,
and note that σn ≤ ∥un∥∞ + ∥u∥∞ ≤ 2∥f∥∞. Let cn = σn/8, let Cn = 2∥f∥∞n1/2,
and define φn ∶ R

d
× J2nK × [0,2]→ R by

φn(x, k, s) = un(x, kn−1) − u(x, s) − cn(kn−1 + s) −Cn(kn−1 − s)2 .
The following lemma will be used in the proof.

Lemma 3.2. For φn defined above, sup(x,k,s)∈Rd×J2nK×[0,2] φn(x, k, s) > σn/2.
Also, there exists C = C(d, ∥f∥C2 , λmax(Σ)) > 0 such that for all n, for any
point (x0, k0, s0) ∈ Rd

× J2nK × [0,2] such that

φn(x0, k0, s0) = sup
(x,k,s)∈Rd×J2nK×[0,2]

φn(x, k, s), (3.2)

it holds that ∣k0n−1 − s0∣ ≤ Cn−1/2. Finally, if σn > 0, then there exists a point(x0, k0, s0) ∈ Rd
× J2nK × [0,2] such that the supremum is achieved.

In the coming proofs, for a function a ∶ N → R, we write a(n) = O(n−1/2) to
mean there exists C = C(d, ∥f∥C2 , λmax(Σ)) > 0 such that supn∈N n

1/2∣a(n)∣ ≤ C.

Proof. First note that

sup
(x,k,s)∈Rd×J2nK×[0,2]

φn(x, k, s) ≥ sup
(x,k)∈Rd×J2nK

φn(x, k, kn−1)
= sup
(x,k)∈Rd×J2nK

(un(x, kn−1) − u(x, kn−1) − 2cnkn−1)
≥ σn

2
,

the last inequality holding by the definition of σn and since for all k ∈ J2nK we
have 2cnkn−1 = (σn/8)2kn−1 ≤ σn/2.
Now let (x0, k0, s0) be any point achieving the supremum in (3.2). We bound∣k0n−1 − s0∣ in cases, depending on the value of s0.
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First suppose that s0 = 0. If k0 = 0 then s0 = k0n−1. Otherwise, the fact that
φn(x0, k0 − 1, s0) ≤ φn(x0, k0, s0) may be rewritten (using that s0 = 0) as

un(x, (k0 − 1)n−1) −Cn((k0 − 1)n−1)2 ≤ un(x, k0n−1) − cnn−1 −Cn(k0n−1)2 .
Rearranging this, and using that (k0n−1)2 − ((k0 − 1)n−1)2 ≥ k0n−2, it follows
that

Cn ⋅ k0n
−1 ≤ un(x, k0n−1) − un(x, (k0 − 1)n−1)

n−1
− cn ≤ ∥f∥C2 tr(Σ)

2
,

where for the last inequality we have used Corollary 2.2 and the fact that cn ≥ 0.
It follows that k0n−1 − s0 = k0n−1 ≤ ∥f∥C2 tr(Σ)/(2Cn) = O(n−1/2),
Next suppose that s0 > 0. Since u ∈ C2,1(Rd

× (0,∞)), by the definition of
φn we have

∂sφn(x, k, s) = −∂su(x, s) − cn + 2Cn(kn−1 − s).
Since (x0, k0, s0) is a maximum of φn on Rd

× J2nK × [0,2], it follows that if
s0 ∈ (0,2) then ∂s(φn(x, k, s))∣(x,k,s)=(x0,k0,s0) = 0, and if s0 = 2 then this partial
derivative is at least zero. Since ∂tu = 1

2
tr(ΣD2u) in Rd

× (0,∞), if s0 ∈ (0,2),
we obtain that

2Cn(k0n−1 − s0) = cn + 1

2
tr(ΣD2u) ,

so

∣k0n−1 − s0∣ ≤ 1

2Cn

⋅ (cn + 1
2
∣ tr(ΣD2u)∣) = O(n−1/2) .

If instead s0 = 2, then using that ∂s(φn(x, k, s))∣(x,k,s)=(x0,k0,s0) ≥ 0 we similarly
obtain that

k0n
−1 ≥ s0 − 1

2Cn

⋅ (cn + 1

2
∣ tr(ΣD2u)∣) = s0 −O(n−1/2) ,

so since also k0n−1 ≤ 2 = s0 we again conclude that ∣k0n−1 − s0∣ = O(n−1/2).
To complete the proof of the lemma, suppose ((xℓ, kℓ, sℓ), ℓ ≥ 1) is a sequence

of elements of Rd
× J2nK × [0,2]. If xℓ → ∞ as ℓ → ∞, then since ∣f(x)∣ → 0

as x → ∞, and un(x, kn−1) = E [f(x + Skn−1/2)] and u(x, t) = E [f(x + t1/2ξ)]
where ξ ∼ N (0,Σ), it follows that as ℓ→∞,

sup
k∈J2nK

∣un(xℓ, kn−1)∣→ 0 and sup
t∈[0,2]

∣u(xℓ, t)∣ → 0.

Thus, whenever xℓ →∞ as ℓ→∞, we have

limsup
ℓ→∞

φn(xℓ, kℓ, sℓ) ≤ 0.
On the other hand, choosing ((xℓ, kℓ, sℓ), ℓ ≥ 1) so that

φn(xℓ, kℓ, sℓ)→ sup
(x,k,s)∈Rd×J2nK×[0,2]

φn(x, kn−1, s) ,
if σn > 0 then, since the last supremum is at least σn/2, it follows that

lim inf
ℓ→∞

φn(xℓ, kℓ, sℓ) > 0,
so (xℓ, ℓ ≥ 1) must be a bounded sequence. Since J2nK is finite, [0,2] is compact
and φn is continuous in x and s, it follows that, after passing to a subsequence,((xℓ, kℓ, sℓ), ℓ ≥ 1) converges to some (x0, k0, s0) ∈ Rd

× J2nK × [0,2] as ℓ → ∞
and that the supremum is achieved at the limit. ∎
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Equipped with this lemma, we are now ready to prove the main result of
this section.

Proof of Proposition 3.1. Recall that

σn = sup
(x,k)∈Rd×J2nK

(un((x, kn−1) − u(x, kn−1))+
and let σ̃n = sup(x,k)∈Rd×J2nK(u(x, kn−1) − un(x, kn−1))+, so that

sup
(x,k)∈Rd×J2nK

∣un(x, kn−1) − u(x, kn−1)∣ =max(σn, σ̃n).
Since un(x, ⋅) is constant on time intervals of the form [kn−1, (k + 1)n−1), we
have

sup
(x,t)∈Rd×[0,2]

(un((x, t) − u(x, t))+ ≤ σn + sup
x∈Rd,∣t−s∣≤n−1

∣u(x, t) − u(x, s)∣
≤ σn + ∥f∥C2 tr(Σ)/(2n),

the last inequality holding by the final bound of Corollary 2.2. It likewise holds
that

sup
(x,t)∈Rd×[0,2]

(u(x, t) − un((x, t))+ ≤ σ̃n + ∥f∥C2 tr(Σ)/(2n),
so to prove the proposition, it suffices to show that limsupn→∞ σn = 0 and
limsupn→∞ σ̃n = 0 (or equivalently for the quantitative estimate, to show max (σn, σ̃n) ≤
CE [∣X1∣2+γ]n−γ/2). We prove this only for σn as the bound for σ̃n follows by a
symmetric argument.
Fix n with σn > 0; by Lemma 3.2, there exists (x0, k0, s0) ∈ Rd

× J2nK × [0,2]
such that φn(x0, k0, s0) = supφn(x, k, s). The proof breaks into cases depending
on where the supremum is achieved.

Case 1: k0 > 0, s0 > 0.
By the definition of φn, and since u(x, s) is smooth for s > 0, we have

∂sφn(x, k, s) = −∂su(x, s) − cn + 2Cn(kn−1 − s).
Since (x0, k0, s0) is a maximum of φn on Rd

×J2nK×[0,2], by the same reasoning
as in the prior lemma, we conclude that

cn ≤ 2Cn(k0n−1 − s0) − 1

2
tr(ΣD2u(x0, s0)). (3.3)

We now perform a similar “maximizing” argument for k0; the fact that
φn(x0, k0, s0) ≥ φn(x0, k0 − 1, s0) may be rewritten as

un(x0, k0n
−1) − cn(k0n−1) −Cn(k0n−1 − s0)2
≥ un(x0, (k0 − 1)n−1) − cn((k0 − 1)n−1) −Cn((k0 − 1)n−1 − s0)2 .

Rearranging and dividing by n−1 yields

cn ≤ un(x0, k0n−1) − un(x0, (k0 − 1)n−1)
n−1

+Cn

1

n−1
(((k0 − 1)n−1 − s0)2 − (k0n−1 − s0)2)

= un(x0, k0n−1) − un(x0, (k0 − 1)n−1)
n−1

− 2Cn(k0n−1 − s0) + Cn

n
. (3.4)
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Adding this inequality to (3.3) and using that 2cn = σn/4, we obtain that

σn

4
≤ un(x0, k0n−1) − un(x0, (k0 − 1)n−1)

n−1
−

1

2
tr(ΣD2u(x0, s0)) + Cn

n
.

Using the equality un(x, kn−1) = E [un(x +Xn−1/2, (k − 1)n−1)] and applying
Lemma 2.3, we have that

∣un(x0, k0n−1) − un(x0, (k0 − 1)n−1)
n−1

−

1

2
tr(ΣD2un(x0, (k0 − 1)n−1))∣ ≤ εn,

so

σn

4
≤ 1
2
(tr(ΣD2un(x0, (k0 − 1)n−1)) − tr(ΣD2u(x0, s0))) + Cn

n
+ εn . (3.5)

To bound the difference of traces, we first note that since φn is maximized at(x0, k0, s0), its Hessian is non-positive semidefinite at this point:

D2φn(x0, k0, s0) = D2un(x0, k0n
−1) −D2u(x0, s0) ⪯ 0.

Since Σ is a covariance matrix, it is positive semidefinite, and therefore Σ(D2un(x0, k0n−1)−
D2u(x0, s0)) ⪯ 0, and so the linearity of the trace implies

tr(ΣD2un(x0, k0n
−1)) ≤ tr(ΣD2u(x0, s0)) .

Therefore,

tr (ΣD2un(x0, (k0 − 1)n−1)) − tr (ΣD2u(x0, s0))
≤ tr (Σ(D2un(x0, (k0 − 1)n−1) −D2un(x0, k0n

−1)))
≤ λmax(Σ) ∣tr(D2un(x0, (k0 − 1)n−1) −D2un(x0, k0n

−1))∣
≤ λmax(Σ) ⋅ d ⋅ ∥f∥C4 tr(Σ)/(2n)
≤ d2 ⋅ λmax(Σ)2 ⋅ ∥f∥C4/(2n) ,

where in the second-to-last line we have used the second bound of Corollary 2.2,
and in the last line we have used that tr(Σ) ≤ dλmax(Σ). Combining this with
(3.5), we obtain that

σn

4
≤ d2λmax(Σ)2∥f∥C4

4n
+

Cn

n
+ εn .

Since Cn = 2∥f∥∞n1/2, the right-hand side tends to 0 as n → ∞; also, by the
bound on εn from Lemma 2.3, for any γ ∈ (0,1] the right hand-side is at most
CE [∣X1∣2+γ ∣∣]n−γ/2 for some constant C = C(d, ∥f∥C4 , λmax(Σ)). (For this we
are using that ∥f∥Ck is increasing in k and that ∥f∥C0 = ∥f∥∞.)
Case 2: k0 = 0, s0 ≥ 0. Recall from Lemma 3.2 that φn(x0, k0, s0) ≥ σn/2. Using
the definition of φn, we thus have

σn/2 ≤ φn(x0,0, s0) ≤ un(x0,0) − u(x0, s0) = f(x0) −E[f(x0 + s
1/2
0

ξ)]
≤ ∣E [f(x0 + s

1/2
0

ξ) − f(x0)]∣ .
By the last bound of Corollary 2.2, we have

∣E [f(x0 + s
1/2
0

ξ) − f(x0)] ∣ = ∣u(x0, s0) − u(x0,0)∣ ≤ s0∥f∥C2 tr(Σ)/2 ,
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which combined with the preceding inequality yields that

σn ≤ s0∥f∥C2 tr(Σ) .
By Lemma 3.2, we have s0 = ∣s0 − k0n−1∣ = O(n−1/2), so the preceding bound
implies that σn = O(n−1/2).
Case 3: k0 > 0, s0 = 0. The argument is similar to that from Case 2. Using that
φn(x0, k0, s0) ≥ σn/2 and the definition of φn gives us

σn/2 ≤ φn(x0, k0,0) ≤ un(x0, k0n
−1) − u(x0,0)

= un(x0, k0n
−1) − un(x0,0)

≤ k0 max
1≤k≤k0

∣un(x0, kn
−1) − un(x0, (k − 1)n−1)∣ .

Using that un(x, kn−1) = E [un(x +Xn−1/2, (k − 1)n−1)] and applying Corol-
lary 2.2, it follows that for all 1 ≤ k ≤ k0,

∣un(x0, kn
−1) − un(x0, (k − 1)n−1)∣ ≤ ∥f∥C2 tr(Σ)/(2n) , (3.6)

which together with the previous bound implies that

σn ≤ k0∥f∥C2 tr(Σ)n−1.
By Lemma 3.2 we have that k0n−1 = ∣k0n−1−s0∣ = O(n−1/2), so this bound again
yields that σn = O(n−1/2). ∎

Theorem 1.2 is an immediate consequence of the second bound of Proposi-
tion 3.1, so all that remains for us to do is to deduce Theorem 1.1 from the
proposition.

4. Proof of Theorem 1.1

For any bounded continuous function f ∶ Rd → R, there exists an approximat-
ing sequence of functions f (k) ∶ Rd → R, all bounded and uniformly continuous,
with compact support and with ∥f (k)∥∞ ≤ ∥f∥∞, such that f (k) and f agree on[−k, k]d. For such functions, we have

E [∣f(Snn
−1/2) − f (k)(Snn

−1/2)∣] ≤ 2∥f∥∞P [∣Sn∣∞ ≥ kn1/2] ,
where for x ∈ Rd, ∣x∣∞ = max1≤i≤d ∣xi∣, so by Chebyshev’s inequality,

limsup
k→∞

limsup
n→∞

∣E [f(Snn
−1/2)] −E [f (k)(Snn

−1/2)] ∣ = 0 .
To prove Theorem 1.1 it thus suffices to prove that for all bounded, uniformly
continuous f ∶ Rd → R with compact support, we have E[f(Snn−1/2)] →
E[f(ξ)]. For the remainder of the proof, we fix such a function f ; we will
use the smoothing effect of convolution with a Gaussian in order to be able to
apply Proposition 3.1.
Write u = uf and un = un,f , like in the rest of the paper. Using ηt for the

probability density function of t1/2ξ, then

u(x, t) = ∫
Rd

f(x + t1/2y)ηt(y)dy ;
since ηt ∈ C∞(Rd) and f is bounded, it follows by differentiation under the
integral sign that u(⋅, t) ∈ C∞(Rd) for all t > 0. Since f has compact support
and ηt(y) → 0 as ∣y∣ → ∞, this identity likewise implies that u(x, t) → 0 as
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∣x∣ → ∞. Writing f t(x) ∶= u(x, t), it thus follows that for every t > 0, f t

satisfies the assumptions of Proposition 3.1; this in particular implies that

un,f t(0,1)→ uf t(0,1)
as n → ∞. Rewritten using the definitions of un,f t and uf t , this convergence
states that

E [f(Snn
−1/2
+ t1/2ξ)]→ E [f(ξ + t1/2ξ′)]

as n →∞, where ξ, ξ′ are independent and N (0,Σ)-distributed (and ξ is inde-
pendent of Sn). Finally, since f is bounded and uniformly continuous, for any
ε > 0 we may choose t > 0 small enough that E [∣f(x + t1/2ξ) − f(x)∣] ≤ ε for all
x ∈ Rd, and the triangle inequality then implies that

limsup
n→∞

∣E [f(Snn
−1/2)] −E [f(ξ)] ∣

≤ 2ε + limsup
n→∞

∣E [f(Snn
−1/2
+ t1/2ξ)] −E [f(ξ + t1/2ξ′)] ∣

= 2ε .
Since ε > 0 was arbitrary, this completes the proof.
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